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The Cauchy stress theory has been shown to be profoundy at variance with the principles of the
theory of potentials. Thus, a new physicd approach to deformation theory is presented which is based
on the balance of externally applied forces and material forces. The equation of state is generalized to
apply to solids, and transformed into vector form. By taking the derivatives of an external potential
and the material internal energy with respect to the coordinates, two vector fields are defined for the
forces exerted by surroundng at the system, subject to the boundary conditions, and vice versa,
subject to the material properties. These vector fields are then merged into a third one that represents
the properties of the loaded state. Through the work function the force field is then drectly
transformed into the displacement field. The approach permits fully satisfadory prediction of all
geometric and energetic properties of elastic and dastic ssimple shear. It predicts the eistence of a
bifurcaion at the transition from reversible to irreversible behavior whose properties permit correct
prediction of cradks in solids. It also dffers a mechanism for the generation of sheath foldsin plastic
shear zones and for turbulence in viscous flow. Finally, an example is given how to apply the new
approach to deformation of a discrete sample as a function of loading configuration and sample
shape.
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1. Introduction

A change of paradigmata occurred in natural philosophy around 1790181Q initiated by
Young Lagrange, and Carnot. Before, the theoreticad development in physics was mainly
driven by the study of cdestial phenomena which can be understood by Newtonian
concepts — that is, a need to consider energy as a physicd quantity emerged only very
slowly. After that, energetic thinking became prevalent, as evidenced by the gproac of
Lagrange, the eguation of Hamilton, and the first law of thermodynamics by Mayer, Joule,
and Helmholtz. The result was the recognition of two fundamental classes of physicd
processes in the mid-19th century:

during a mnservative process the energy of the system under discusgon isinvariant;

during a non-conservative process the energy of the systemisavariable.
The latter classagain permits the recogniti on of two subclasses:

during a reversible process no entropy is produced, and al the work done on the

system may be recovered;

during an irreversible process entropy is produced, henceit isimpossble to read the

original state unlessadditional work is done.

Continuum medhanicsis gill a dild an older period; the first steps were made in

the mid-18th century. The theories of stress and strain developed side by side, but
curiously independent of one another. Charaderisticdly even for most recent textbodks,



the theory of strain — the dfed — is discussed before the caise — stress— after which the
material laws are mentioned.** This appeas to be the inverse order of priorities.
Textbodks on thermodynamics gart with the equation of state which is the material law
for an ided gas, continue with changes of state of which stressis but one form, and the
effeds are the solution for which no extra theory is then required. Deformation has been
merely understood as a topdogicd mapping, not as a physicd process To ill ustrate this
point, the compatibility problem in continuum mecdhanics — that two separate points in the
initial state must not coincide dter a deformation — cannot occur in redity; it follows from
Boyl€e's law that two pdnts can coincide only at the expense of infinite work.

Much of Euler’s work was done in the 1740s; the eguations that continue to
govern the arrent understanding of continuum mechanics were published 30yeas later.’
Before dastic deformation could be perceived as an anisotropic change of the energetic
state, energy had to be recognized as a mncept different from force— by Youngin 1787 —
the equation of state had to be wmpleted — by Gay-Lussacin 1808 — and the @mncept of
the thermodynamic system that is distingushed from its surrounding, had to be
established in the ealy 19th century. It has been noted before that the theories of
continuum mechanics and of thermodymanics are not consistent with one another.® The
badbone of clasgcd physics in general is the theory of potentials.” It follows from this
theory that an approach for a theory for a cnservative processis to be derived starting
with the Laplace guation, whereas an approach for changes of state, which includes all of
continuum physics, is governed by the Poison equation,® — except the Cauchy stress
theory and continuum mecdhanics. It has already been shown that the derivation of the
stresstensor by Cauchy is at variance with the Gaussdivergence theorem.’

The transformation of the unloaded to the loaded elastic state is unquestionably a
non-conservative, reversible process However, nothing in the Euler-Cauchy theory of
stress and deformation permits sich a @nclusion. To the ontrary, virtualy all the
conceptual tools of the Euler-Cauchy theory — use of an equation of motion vs. an
equation of state; use of the inertial mass density vs. the molar density; use of a
Newtonian force f = ma vs. an energy flux f = gfU/x;, tred stressand deformation as a
conservative process For example, the Euler-Cauchy theory does not permit the definition
of a non-zero eastic potential for a volume-neutral deformation. The particular form of
the First Law of thermodynamics which is given in the literature on elasticity, is
incompatible with the nature of the First Law, in fad it turns the latter upside down.*® **
The recognition of a misconception of such propartions renders the Euler-Cauchy theory
invalid.

The only posdble nservative deformation process is volume-constant
equilibrium flow of an ided gas, but then, no elastic potential builds up. Elastic
deformation is a reversible change of state. The simplest perceivable dastic deformation
is the volume dhange of a gas, hence the most primitive deformation law is Boyle's law.
Viscous and plastic flow are irreversible. For a more in-depth discusson of the Euler-
Cauchy approach seeRef.9-12.

In this paper, a new approach to time-independent, reversible dastic deformation
of solids and the properties of the loaded state is presented. Deformation is understood not
as a change of shape in the first place but as a thange of state, and energetic rather than



geometric oconsiderations provide the most stringent constraints. There is no resemblance
between the Euler-Cauchy theory and this one which is derived from the theory of
thermodynamics: a vedor field of forces is developed from a scdar potential field; after a
discusson of the materia law, the kinematics of deformation is explained using pure
shea as an example; the result is the displacement field.

2. Symbolic Terminology

T,M,F tensors f,m,r,sv vedors

I identity tensor n,t unit vedors

T, Fi tensor components r vedor components
P,V,H, U scdars, state functions f,r vedor magnitudes
P,Q points a,gq anges

3. General Remarks

If atheory has dominated a field of science for a long time it has saped the mind of its
user considerably, to the dfed that he does not even redize it any more. To get rid of
such a concept in the badk of ones’s heal is more difficult than to store anew concept in
an umpremnditioned mind. There is no eay transformation matrix which turns the
insights acording to the old approad into useful knowledge éout the new one. This
sedion is written for the reader who is famili ar with the Euler-Cauchy theory, and hence
not famili ar with potential theory.

1 The dasdcd question in deformation theory is the stressstrain relation.
However, it is known from experiments that pure and simple shea require different
amounts of work per unit strain; in the dastic field, simple shea costs more than pure
shea, in the plastic field it costs suibstantially less Therefore strain in the sense of the
strain tensor e is not a thermodynamic state function, and the mncept of strain is of
limited value. Displacement is ensitive to these differences. In this paper, a caise-effed
relation is developed between aforcefield and the displacament field.

The dasscd question in potential theory is the search for sources and sinks. Any
system of matter that is not in its zero pdential state, is a source or a sink of fluxes, or
both. The fluxes may be mechanicd forces. The present approach is that of thermo-
dynamics. It considers the cause of a deformation: external forces controlled by external
boundary conditions; to these the system ads as a sink. Also, a given field of external
forces will produce a state of deformation that varies due to the cosen materia
properties; that is, the gplicaion of the externa field will evoke a material forcefield the
properties of which represent the material properties; to these materia forces the system
ads as a source The two fields are independent in nature, but together they result in a
third force vedor field which combines the properties of both. A work function is derived
from the state function; with its help, the displacement field is cdculated such that the
geometric properties of forcefield and displacament field areidenticd.



2. The term stressis 0 strongly occupied by a concept which is here taken to be
invalid that it appeas better to avoid it altogether. In this essay, the term loaded state will

be used. It is, admittedly, very tempting to apply the term stressto the force field fiyq
which has the same properties as the displacament field. However, that field is a vedor
field and not a tensor quantity. Perhapsiit is better to leave stressto the shrinks for further
abuse, and continue with proper physics.

3. The Euler-Cauchy approach started with an equation of motion; this one starts
with an equation of state. An equation of motion applies to the mechanics of discrete
bodes in free space but not to changes of state since areversible thermodynamic change
of state is time-independent. Instead, the mmmon state function PV = nRT is transformed
into vedor form, using f = U/ instead of f = ma asthe force definiti on.

4. The Euler-Cauchy approach uwsed a ontinuity approach that supposedly
transformed a region occupied by massinto a mntinuum of masspoints. That concept is
ruled out by the principles of potential theory becaise avolume distribution cannot be
reduced to a point source The gproach proposed here uses the propartionality of mass
and pdential in a given state, P = JU/V, to arrive & the dastic potential, or the loaded
state or the work done per unit mass (n in PV = nRT is finite). The eistence of the
continuun of mass is a premndition. Discontinuous conditions, such as nea surfaces
between the interior of the body and the exterior free space change the locd boundary
conditions. An example will be given at the end of this paper.

5. Much in the understanding of elasticity relates to the work done in achieving a
deformation. The simple expresson N?U = is handy, but it is an implicit statement that
only normal vedor components have an effed on the energy U of the system. This is
corred for hed flow becaise hea always flows radialy, and for mecdhanicd forces if the
state of loading and the material are both isotropic, such asin the mmpresson of agas. In
anisotropic states of loading, the properties of the tensor term are insufficient because
there ae bonds in solids, and shea forces do work.

6. None of the ancepts in continuum mechanics that can be traced bad to Euler
have been found to be helpful. Euler’s definition of normal force f» and shea forcef’ n
are defined relative to the plane on which they ad. Newton defined normal and rotational
forcerelative to the radius vedor with which they interad, f* and f" r. Euler’s definitions
cannot be transformed into those of Newton; in this paper Newton's principles are
observed.

7. The Newtonian definition of presaure P = f/A cannot be used in this context
because of the scae-dependence of the ratio f/A for closed surfaces®** The thermo-
dynamic definition P=U/V is a scdar, the energy density, it is by definition scde-
independent, henceit is more fundamental; it is a statement of the most profound principle
in potential theory, the propationality of mass and pdential in a given date. If an
intensive physicd quantity is a scdar, it does not have properties that vary with diredion.
Hence is implied that it is isotropic, providing tight constraints on its discusson; this is
not at all evident from f/A.

8. The inertial massdensity r [g/cm’] cannot be used to define an equation of state
in thermodynamics. The thermodynamic mass density mol/V is not a state function by
definition; it may be used as such for isotropic loading (the cmmon boundary condition



in standard thermodynamics), but not for anisotropic loading: for example, in a volume-
neutral deformation the internal energy U is changed whereas massis constant.
9. Spatially extended bodes necessarily have a spedfic shape which strongly
influences the particular form of the eguili brium conditions in Newtonian mechanics. In
the Euler-Cauchy theory of continuum medhanics the shape, including the radius, was lost
through the Cauchy continuity approach which, however, violates an existence theorem in
potential theory.* 2 The shape of the region bounded by the surfaceintegral in the
divergence theorem is arbitrary only if the surfacedoes not passthroughmass Thisis not
the cae in continuum physics; the shape is therefore of profound importance becaise the
surfacevolume ratio per unit massis not arbitrary. Newton's radius r (as in f' r in the
consideration of rotational equili brium) is here equated with the zeo paential distance of
potential theory, and the shape of the thermodynamic system represents the material
properties. Throughout this paper the material is assumed to beisotropic.

Model cdculations are initialy restricted to two dmensions for simplicity.
Calculations are ommonly given in vedor notation and in algebraic terms, e.qg.,

d ~ r dg=cgingcosqdg
where the LHS vedor operations explain what is being done, and the scdar RHS shows
how it is done. They are related to one another by an eguation sign = rather than a
propationality sign p becaise it made much easier reading. The ejuation sign implies
that a propartionality constant on the RHS has unit magnitude.

4.  The Thermodynamic System in Euclidean Space

Any massis asciated with a patential. The gravitational potential Z is invariant with
resped to the inertial massm. The inertial massdensity is dm/dV = r, where any inertia
massdifferential dmis asociated with a gravitational potential dZ, such that the potential
Z p m=raV. The same holds for a thermodynamic patential U except that its magnitude
per massmay be avariable. In a given state, dU p dn where n is the number of mol (the
thermodynamic massis dimensionlesg. The energetic density per unit massis then dU/dV
=P, or in integrated form U/V = P where the massis propartiona to bah U and V. Note
that mass is a variable in this integration. Just asr may be understood as the density of
inertial massper unit volume, P isthe energy density, or thermodynamic potential U per
unit mass U isthen finite.

In the reference state Uy, we have PV = nRT. An infinitesimal change of state
requires the alditional energy dU. Of course, the nature of this dU at constant n is very
different from that of dU u dn above. In order to consider infinitesimal changes of state, a
system of finite massand volume is a prerequisite — a thermodynamic system — which is
assciated with its slf-potential.

In order to define the work done on a point Py, a reference point Q must be
chosen such that Q* Py. The dhoiceis arbitrary and may be defined to the convenience of
the problem (Ref.7, p.53, 63; Ref.13). The distance Q ® P, is the zeo pdential distance
r. Consider a discrete body in freespace If the body is contained in a region V such that



the surfaceA of V does not touch the body, the massmay be thought to be mncentrated at
apoint in V. The massmay then be mnsidered a point source, and dNX dV = k = const is
independent of the limits of integration. In such a cae, r is commonly chosen to be
infinite, such as in gravity problems snce the gravitational potential reades zero at
infinity. However, in continuum physics that option is not possble since mass and
potential are propartional, and k 1 V. Since mass is evenly distributed over the region
enclosed by the thermodynamic system and in the immediate surrounding, it represents a
distributed source (Ref.7, p.156). The potentials of distributed source problems are
commonly logarithmic. In such a cae the zeo pdential distance may be finite, it is then
by convention assgned unit magnitude. In the aurrent context, the zeo pdential distance
is interpreted to be the radius of the thermodynamic system r. (In Hooke's law the zeo
potential distanceis the length |, of the spring. In Cauchy’s gresstheory the zeo pdential
distanceis all owed to vanish identicdly which is not permissble; Ref.7, p.63).

In thermodynamics, the properties of substances are given in a standard state
(P*, V*, T*) which may then also serve & a zeo pdentia state (the unloaded state), and a
change of the presaure to =¥ requires infinite work. The distance term r is the one-
dimensional equivalent of the volume of the massn to which the eguation of state PV =
nRT is cded. For solids which have anon-zero density in a vacauum, the zeo pdential
state is then defined by P* = P,. A deviation from ry indicates a change of state. In the
discusson of pure shea deformation, rq is %t to be invariant with resped to diredion, i.e.
the shape of the thermodynamic system is asaumed to be asphere becaise it minimizes
the surfacevolume ratio. The materia is therefore defined to have isotropic properties. In
the discusson of simple shea, additional constraints require another shape.

Consider the divergence theorem for an isotropic loading state, such that only
normal (radius-parallel) forces need to be taken into accunt,

o mndA=f dv =k, Q)

where n is a unit vedor normal to A. Consider forces as an energy flux, f = eU/fx. The
surfaceA is closed to envelop a volume dement @V; the forces are exerted by the massin
the dement against the surrounding, or vice versa. At similar external conditions, a small
and a large quantity of masswill do similar amounts of work upon their surrounding,
relative to their mass On this requirement of scde independence the entire theory of
thermodynamics is based. Thus the thermodynamic system is a source of forces. The
divergence of the force field exerted by the system (and thus also the divergence of the
force field ading yoon the system) is propartional to mass hence the RHS is a linea
function of V; thus div f is a constant, the tharge density k/V, which describes the state in
which the system is. Two conclusions are here of interest:
Q) At given external conditions, div f is insensitive to scde. If the scde of
consideration is varied which is measured in V, and since the relation of Vi r®to A r?
is not linea, the relation of A to [f| cannot be mnstant; |f| must necessarily be alinea
function of scde, [f| i r. div f isthe traceof the tensor F defined below. Both from egn.1
and egn.5 it foll ows that

% =divf = const (2



at constant external conditions, where r is the radius of the system, and r is a measure of
the scde mnsidered.® '

2 At agiven scde, the ratio A/V is a function of shape. All termsin egn.1 RHS are
insensitive to shape. Thus if the shape is thought to be dhanged at constant conditi ons, the
only variable on the LHS to compensate for the change of A at constant V would be [f|. It
is easier to think of [f] as to be cntrolled by the external conditions, though the
conseguence is that the shape of the system is then fixed. It can be chosen in acordance
with other constraints. Thus it follows from egn.l that volume, surface a@aea and
magnitude of forces are not independent at a given state.

These mnclusions are not changed by further developments of the divergence
concept that can only be daborated below, after explaining some ntext. Eqn.2 is in
agreament with the properties of a thermodynamic continuum, with the spatial properties
of a thermodynamic system that interads with its surrounding, and with the fad that the
system represents a potential of distributed matter (Ref.7, p.156). A limit operation with
resped to V would not change the relation in egn.2, but it would vanish identicdly if r
readies 0. This is in ac@rdance with patential theory (Ref.7, p.147), and a refutation of
the Cauchy lemma -f, =f_, for which to be valid f must read a finite value s V and r
vanish.z' 14,15

5. TheNew Approach

The fairly straightforward methods of field theories have turned out to be too simplistic to
describe the deformation of a solid. The reason is that hea flow, magnetic, gravitational
and eledromagnetic forces may be visudized as free flow of infinitessma quantities
without internal coherence which merely follow a gradient. Solids are internally bonded;
free motions are imposshle. None of the theories for other natural phenomena described
by vedor fields had to acammodate the physicd concept of the lever. Whereas tangential
hea flow or tangential chemicd gradients are without effed on a system they pass
mechanicd shea forces do work on the system, and the work done by shea forces with
oppasite sense of rotation does not cance, but it adds.

Consider Newton's body of solid with finite size and shape dropped into a fluid.
The airrents in the fluid represent the external boundary conditi ons, the shape of the body
represents the material properties, the body itself represents a thermodynamic system. Let
the properties of the fluid approach the properties of the solid; the system is dill there,
defined by its mass only its interface with the ‘fluid’ is virtual, but external boundary
conditions, material properties, and the eyuili brium conditions are unchanged. The theory
is cde-independent as in thermodynamics, so the ‘body’ is merely a helping concept. A
system subjeded to shortening in xs will expand in x; by itself if it is alowed to; in
additi on, the boundary conditions may adively stretch the system in x;; both effeds need
to be onsidered separately. Two independent force fields are involved, and their
interadion is not merely a superpasition: the field that is derived is the result of (1) the
vedor field representing the external forces doing work on the system, (2) the vedor field
representing the material properties, and (3) the condition that system and surrounding are



solidly bonded such that disequili brium cannot occur even if the first two vedor fields
have initiall y incompatible properties. The theory is freeof propartionality constants, with
the exception of zin egn.13; the material is assumed to be isotropic. The cndition of zero
volume dange for an isotropic material subjeded to pane pure shea in the end is a
prediction, but not a boundary conditi on.

5.1. Definition of the system

A thermodynamic system is defined by a chosen amount of mass Its locaion in spaceis
given by its center of massQ in terms of external coordinates X;. The surfacepoints P of
the system are given in the internal coordinates x; whose origin coincides with the center
of massof the thosen system. The physicd conditions at the points P in x; are functions of
Q(X) in the sense of the definition of a vedor field, T(Q)x = v, where T is atensor as a
function of locaion Q(X), X is the locaion vedor of a neaby point P(x) relative to Q,
and visavedor located at P asafunction of T and x.

For a given vedor function x the points P form a surface The orrelation
between a surface point P and a particular diredion vedor in X is unique. Another
diredion vedor passng through P can only be part of a different system with its own
origin and coordinate set, and dfferent boundary conditions may apply to it if the
gradientsin X; are non-zero. It is therefore not of interest at this point in the discusgon.

5.2. Derivation of the external and material forcefields

The definition of atensor is the derivative of avedor field with resped to the wordinates,
or the seoond derivative of a scdar field with resped to the wmordinates (Ref.16, p.57).
Energy or a potential are such scdars. Let the external energy be U, and the material
internal energy be E, so

U e E
— = =1 —_— = 3
x : x m ©)
2 2
T :ﬂ_fi:F T°E :M:M (4)
™% X Tfix; fix;
o N ﬂf o b ﬂm
) ! =Fr =f . - =Mr =
a'Qﬂ_xjdXJ r alq‘”—xjdxJ r=m (5)

where r is the radius, or the position vedor of a point P on the surfaceof the system, f is
the external force field; m is the material force field, or just the material field; and F and
M are the tensors controlli ng the properties of the vedor fields. F represents the external
boundary conditions, and M represents the properties of the material which may be
understoodas a set of internal boundary conditions.

Since eternaly unbalanced forces cannot cause a deformation, they can be
ignored. External equilibrium (Newton’s equilibrium condition) is therefore a
precondition. Also ignored are body forces as they interad with the inertial mass but not



with the thermodynamic mass The internal (thermodynamic) equili brium condition is
then given by

f+m=0 (6)
at any point P on the surfaceof the system, or, if f and m are understood as functions of
diredionsq,

¢ dq=-gmndq (7
asasum around the systemin 2D.
The external torque is balanced by definition since the interfacebetween system

and surrounding is bonded; the disequili brium case cannot occur in an elastic medium as
long as no bands are broken. The mndition

g rdg=0 (8)
is an equilibrium condition with surprising freedom because f and r may vary in a
redprocd way without changing the result. If fr/flg = 0, egn.8 is a statement of
orthogonality, describing the properties of the external boundary conditions. The torque of
the external forces may be balanced with additional help from surfacebonding forces m.
The mmplete condition for the balance of torqueis

df'r-ms'r)dq:O 9)
where mg” r, their magnitude is invariant,
m
M:o, (10)
19

and mg” r has the same sign at all surfacepoints P. Surfacebonding forces are neither
externa forces nor material forces; they are constraint forces which do not do work on
either system or surrounding, but they make the interadion of system and surrounding
posdgble. Their existence is concluded from the precondition that equili brium nust exist;
they balance the torque of f if necessary. The matter is only touched here, and explained
in greaer detail i n the chapter on simple shea.

Eqgn.6 and eqn.7 differ from the Euler-Cauchy approach in the dea distinction of
system and surroundng, of material force and external force, i.e. in the recognition of a
material forcein its own right. It is exerted by the system upon the surrounding due to a
change of state in the system resulting from the adion of external forces. The system thus
represents a potential. Equili brium between system and surrounding implies that for
isotropic oonditions,

divf +divm =0; (11

egn.11 therefore mnsists of two Poison equations. Note that it is impossble to define a
shea strength. Whether f at a particular point P Q is a normal force or a shea forceis
determined by its anguar relation to the position vedor r. However, since the material
vedors m are dways parallel radius vedors, a aossproduct of r with m is meaningless

The loaded state has a scdar property, the work done, and avedor field property,
the force vedaor field fiy resulting from the interadion of the two independent forcefields
f and m, the exterior and the material forcefield, and their respedive boundary conditi ons
in the state of equili brium, plus the surfacebonding forces if necessary,

ftotal =f (f ,m, ms) . (12)
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fiota 1S NOt Merely the sum of f, m, and mg,.

5.3. Boyle'slaw for solids: the equation of state

Theided gaslaw, PV = nRT, disregards the aomic structure of matter and considers bulk
behavior only. Boyl€e's law can be understood as a material law for ided gases snce it
predicts a particular behavior of the gas upon a change of externa conditions. It relates
the internal energy of a system, its mass and volume to one another and thus fully
describes the energetic state in which the system is. In principle, such a description of
state must also exist for solids. It must therefore be possble to define an ided solid.

No interadion of moleaules is implied in the mncept of the ided gas. If they
exist, an internal presaure Py is observed, such asin fluids or solids. The internal presaure
of asolid is defined as the presaure that would be observed within a volume representing
the molar volume of solid if it were filled with one mole of ided gas. That presarre is
balanced internally, so the internal presare is a measure of the bonding strength of the
substance. Because it is balanced, a solid is said to be in equili brium with itself. Work
must be done on the system to change thisided density either way.

A solid in a vaauum has its ided molar volume. Sinceiit is able to maintain its
internal presaure in a vaauum, it is necessary to scde an externa presaure incresse to the
P with which it will interad. A generalized Boyle's law must ill observe the
constraints that the graph must not crossthe @ordinates in a P/V-diagram. This can only
be done through an exponent,

PV =z (13)
where
IV
- NV idezlgas ' (14)

mol

The law predicts that all solids have the same compressbility dv/dP if the external
loading presaure is expressed in multi ples of the natural internal presaure of the substance,
which is easily cdculated from its molar volume. z = f(P) is a number charaderistic for a
particular state, the function is not known. The quantum-mechanic problem as to how the
volume of a solid comes about, is unsolved. It is therefore not posshble to predict z but it
can be modelled through the Birch-Murnaghan equation. The latter is phenomenologicd,
but it is siccesully applied in studies of material behavior under high presarre, e.g., the
prediction of the dastic properties of the Earth’'s core.’” The mncept is believed to be
largely identica to Griineisen’s theory which is also phenomenologicd.*®

Bridgman compressd the dkali metals to 100kb.™ It is found that they all
follow the same pattern to a first approximation if the externally applied load is normal-
ized with resped to the internal presaure of the solid (Fig.1). Thusit seemsjustified to use
the internal presaure & a standard for the behavior of a particular material. Since en.13is
isotropic, k is independent of diredions and only important for the modeling of red
materials. For the purposes of this paper k is asaumed to be unity so that z = const. In that
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sense, the thermodynamic properties of the ided solid are those of an ided gas, and
Boyle' slaw applies.
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Fig.l Compresshility data for the alkali elements. Externaly applied load given in multiples of internal
presare. Data alapted from Ref.19:180).

54. Boyle'slaw for anisotropic states
The most basic material law in thermodynamics is the Boyle-Mariotte law,

PV =const (15
The LHS is only the most common interpretation of the product. It may aso be inter-
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preted as a vedor form of Boyle'slaw,

p*f =const (16)
wherer isthe paosition vedor of apoint P on the surfaceof the system relative to its center
of massQ. The asterisk indicates that this product involving two vedors is yet undefined.
Note that the unit (Joule) is unchanged. Boyle's law is generally given in scdars. It is
therefore interpreted to be isotropic by nature.

Work in anisotropic states is not a straightforward subjed. For instance, consider
a rod subjeded to a tensional force parallel to the horizontal diredion. The dfed, an
elongation parallel to x; and a shortening parall €l to x,, is known as neding; the ratio of
neding to stretching is Poisson’s ratio n. In the present context, however, it is interesting
to note that due to a force parall el to x,;, a displacement was observed, and thus work was
done, parallel to x,. Sincework is a scdar, the isotropic properties of Boyle's law are here
used as a boundary condition: it is assumed that the star product r+f interpreted as

p*f =/|p" f|* +|p>#|* =|p]f| = const (17)

must be invariant with resped to diredion. rxf gives the work done by an external forcef,
both normal and shea component, at the point P with paosition vedor r on the surfaceof a
thermodynamic system. Eqn.17 is known to be an identity. If r is a unit vedor, r+f = ff|;
however, the ratio of |r| to [f] may now be afunction of diredion while en.17 is dill

ohserved if ¥4%and ¥4 ¥2maintain aredprocd relation.

(This author is not aware of the use of an ealier equation of state in vedor form
in continuum medanics, though in thermodynamics there is one, by Clausius and
Grureisen, [Ref.11, egn.4; Ref.18, 20]. The first term in Ref.11, egn.4a LHS is ignored
here since hea can aauire importance only at temperatures above the diffusion limit,
resulting in time-dependent material behavior which is not considered here.)

The only way to prevent the rod from neding would be to apply forces all over
the length of the rod that would keep the surfacepoints in place That is, the work done
during the stretch parallel to x; is work done by the surrounding on the system, whereas
paralle to x, the system is doing work on the surrounding. It would require more work by
the surrounding to reverse the work done by the system, and the energetic state of the
system would be higher than if nedking were dlowed to occur. Thus the neding (or
bulging, in compresdgon) is an effed of the least work principle: some of the energy fluxes
entering the system at some point are redireded inside, and returned to the surrounding at
another point where the boundary conditions permit it. The stored energy is thus kept at a
minimum, and the most work would be required for an isotropic compresgon. (The
argument illustrates that energeticdly, deformation is inherently a threedimensional
problem. The simplified two-dimensional approach of this paper arealy laks me
redism; but it is not posshble to reduce deformation to a one-dimensional problem, except
for isotropic contradions/expansions of isotropic materials.) Starting a loading history
from some given isotropic anbient presaire, the force field fiy that is building W, can
therefore be decomposed into an isotropic component, the operative field fo, that
represents the change of state, i.e. the work, and a deviatoric component fe, the energetic
bulk effea of which is zero. Throughf,, a reference state is establi shed which can be used
to give signsto the two diredions of the deviatoric field (Fig.2).

|2
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mean field intensity
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Fig.2 Relation of fy, to fee. The verticd scde gives the magnitude, the horizontal scae gives angular direct-
ions. The left and right verticd bar indicate a mntrading and an extending eigendirection (c and €) of
an anisotropic force field. Figure shows relation of minimum and maximum force magnitudes to iso-
tropic average. Shear components cannot be considered in this setch. Ambient pressure and operative
field are hydrostatic.

In contrast to gases and fluids, solids can suppart shea forces, and the energetic state of a
system is changed by work done by shea forces and normal forces alike. A normal force
will cause an expansion or a cntradion of the system, depending on its sgn. The sign of
shea forces indicates which way the body would spin if they were unbalanced, but it
gives no hints regarding wlume dfeds. In the Euler-Cauchy theory, the matter cannot be
discused becaise shea forces ading on a free surfacedo not interad with a volume and
radiusin Euclidean space
The volume dfed of shea forces can be only dilational. A deviatoric forcefield
fqev Can be partitioned into a norma component field f,, and a shea component field f..
Asame asphericd volume being subjeded to the shea components fs of a force field
with orthogonal eigendiredions, with the origin of the cordinates at the center of mass
Along the surface all fswill ad on the surfacepoints P with position vedors r; the points
P will be displaced perallel to the diredion of fs to the deformed pasition P~ with position
vedor r’. Sincer and v=P® P are mutualy perpendicular, |r"| will be larger than |r|.
Therefore the work done by a shea force has a volume dfed, and it is always dil ational.
The dilational component acaimulates from zero at the wntrading eigendiredion towards
the extending eigendiredion where it readies its maximum. This effed holds bath for
shea forces exerted by the surrounding on the system, and for shea forces exerted by the
system on the surrounding. The combined effed of the work done by shea forces results
in two additional force field components Mgy and fyex paralel to the extending eigen-
diredion, such that due to the existence of shea forces a dilational (i.e. normal) effed is
produced. Thus
ftotal = fop + fdev + mshear+ fshear (18)
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where f = fqp + fge, Fop = Cl, and det Fge, = + 1, and the extra terms Mg,eq and fg,e4 are not
independent energetic terms, but the energetic contribution of the shea forces. An
exampleis given below.

Work isthen cdculated in analogy to PdV-work,

ofdr :c(‘)dr—r:clnr (19

The relation of material distance, i.e. the radius r, to a @linea force is derived through
differentiation of eqn.17,

r,df + f,dr =0 (20)
If eqn.20isdivided by ro, integrated, and divided by fy, it foll ows that
|na?_1%: - E (21)
o g fo

in complete analogy to In (V1/Vp) = — DP/P, in isotropic thermodynamics. Eqn.21 provides
the cause-effed relation, by which the displacament field Dr = s is generated from the
applied forcefield f.

A solid in a vaauum has its ided volume V, with unt radius ro. The interna
presaure P of asolid isin the order of several kbar. In diredional terms, the analogue to
Pi¢ is the internal force my which is a non-zero damant force &t isinternally balanced
in the unloaded state. For modelli ng purposesit is <t to unity in the following text. Above
it was explained that the work done by shea forces on avolumeisadilation. Thus, beit a
normal component f, or a shea component f, their combined effed, colinea with x;
neals to be considered. The magnitude of the externaly effedive force must be scded to
that of the material force mg, so the cmplete form of egn.6inis
ext |m0| |f
where the first RHS term gives the magnitude of fe, in multiples of the internal presaure
of the material, and the second term is a unit vedor with the orientation of fe:. This
normalization is always implied; subsequently unit magnitude is used, and Df is smply
referred to asf.

If egn.l is cdled the norma divergence the aoss form of the divergence
theorem (Ref.16, p.201) would be of © n dA = ocurl f dV. The equation is meaningessin
the present context because it is insensitive to shea work done by fields for which
curl f =0, i.e. if the agendiredions of f are orthogonal. Since eternal equilibrium is
aways maintained due to the bonds acoss the surface of the thermodynamic system, a
field with curl f * O cannot rotate asystem externally, but it has red, non-orthogonal
eigendiredions. Thus the rotation is internal, i.e. it is expressd as dea. A field with
curl f =0, however, does work through shea forces which are not properly represented by
any expresson that refers to invariants of the field property tensor. Whether internal
rotation i.e. shea takes place or not, is determined not by the aurl, but by the shea
divergence defined as

- Dm= (22)

ext

of " n[dA (23
which is zero only if F = cl. Eqn.23 is dependent on the shape of the thermodynamic
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system; as with Stokes' theorem, there is no straightforward way to transform it into a
volume integral. The total divergenceisthen
div*f = f nft+(f >n)n| dA (24)

at constant V per unit mass wheret  n.

6. Forcesand Material Reactionsin Pure Shear Defor mation

The mndition of equili brium for the torque is dependent on the properties of the force
field and the shape of the system. The variability of the shape is constrained by the
properties of the external forcefield, the material properties, and the condition that system
and surrounding are bonded. If the dfed of a progressve deformation is demonstrated in
2D, commonly a drcle is transformed by a displacement field into an €llipse. The unit
circle of the undeformed state & a geometric deviceis certainly adequate for this purpose;
but the shape of the thermodynamic system (or volume dement) must fulfil the equili-
brium conditions. Spedficdly, the thermodynamic system may have an €lli pticd shape in
one particular set of conditions, but it may be a drcle in another. The two concepts — a
circular pattern of pointsin the undeformed state vs. the mechanicdly adive shape of the
system — must not be mixed up.

Seond pdnt, strain is a function of the displacement field. If the principal axes
of the strain ellipsoid do not rotate during progressve deformation they must coincide
with the charaderistic diredions of the displacement field (and thus the forcefield). It can
therefore be cncluded that the eigendiredions of the force field are mutually perpen-
dicular, or that the force field, and hence the displacanent field, are orthogonal. From a
mathematicd point of view this is a rather speda case, however, and by no means a
precondition. The strain tensor is thus not a helpful term to understand the physics of
deformation. It is therefore necessary (@) to establish the shape of the system from the
equili brium conditions, and (b) to find the d@gendiredions of the force field. They are
defined as the diredions along which the forcefield f has no shea force components.

6.1 Shape of the volume dement

Eqgn.17 gives constraints for the shape of the system. The simplest shape is the sphere — it
is isotropic, minimizes the A/V ratio, and for any point source d the center of massits
surface is an equipotential surface For isotropic external conditions and an isotropic
meaterial a sphericd shape for the system is the most natural choice @ there ae no shea
forces. For other deformation types eqn.17 implies that radius and normal force dong the
contrading eigendiredion ¢ and those dong the extending eigendiredion e are identicd in
magnitude. The aurl of the pure shea deviatoric field (Fig.3)
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é 1f, 0 u
€% U
Fdev = 9 ﬂf L,’I (25)
o U
& Tx

is zero; therefore the @gendiredions of the resulting force field coincide with those of
Fuev- The conditionstr T = 0 and det T = = 1 are both conservation conditions und must
hold simultaneoudly, hence ¥&,,% = Y#,,%2= 1. Since Fy,, is orthogonal, there ae no
constraints from the eguili brium conditions on the shape of the volume dement; it is
therefore till sphericd in shape.
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Pure shear deviatoric force field. Upper pandl: the @gendirections of the deviatoric force field f; are
mutually perpendicular and perallel to the coordinates. The same figure represents the displacement
field or flow field if the arrows represent displacements. m;: material vector, fop: hydrostatic operative
presaure, fi: deviatoric force field. Lower panel: orthorhombic total force field, schematic.
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Fig4 Force magnitude aroundthe unit body in pure shear deformation. Horizontal axis: angular distance from
one contrading eigendirection to the other. Continuous line: f,, broken line: fs. Their sum is 1 at all
surface points.

The magnitudes of normal and shea deviatoric forces are shown in Fig.4. Under the given
boundary conditions, al deviatoric forces on the surface have the wmponents f =
[cosg -sing] where q is the angle between the orientation of r and the x;-coordinate. The
external equili brium condition for the torque for the entire body isthen

6pf’ pdq:2(‘32p cosqgsingdg=0, (26)

i.e. it is balanced without the help of the surfacebonding forces m,,

6.2 Kinematics of pure shear

My is the material force which is in equili brium with a vaauum. For a body with urit
radius in an orthorhombic deviatoric field, the components of the paosition vedor r of
surfacepoint P are [r ry] = [cosq sing]; the operative force vedor is a normal force with
components f,, propartional to [-cosq -sing]; the deviatoric force fqe, is propational to
[cosq -sing]; and the radius-normal unit vedor t = [sing -cosq].

External forces ading on point P are the isotropic operétive force f,, and the
deviatoric component fge,. fop CONsists of normal components only. fge, can be split into a
normal component fnge,) and a tangential component fgge). The sum of al normal
componentsis

an = fop + (p >¢dev)p =1+ (COSZ q- Sin2 q) (27)
The respedive inward-direded displacement vedor s, parale to r is found through
egn.21.

The aossproduct

fs(dev)| =2cosgsing (28)
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is equivalent to T Xt . A shea force has the dfed that P is displacel away from the
contrading eigendiredion, and towards the etending eigendiredion (Fig.5). The
components of fyu) a P evoke dastic material forces of equal magnitude end oppaite
sign within the system such that the torque & P is balanced. The dfed of fsisthat P is
displacel to P (Fig.5); however, since f, is perpendicular to r, the distance r' from the
origin to P will always be larger than that from the origin to P (Fig.5). That is, a shea
force will always cause alocd extension propational to its magnitude. That effed is
additive from point to pant. The observed dilation at P' is therefore the sum of all
dilations from the contrading eigendiredion to P,

e ) dg = 25 sinqcosy/cos q+sin®q dq (29

where a is the anguar distance measured from the cntrading eigendiredion ¢ at x, to P.
For a ="/, &% dq =1. At the lower limit of integration there is no dlationa effed,
naturaly; the integral readies its highest value & the extending eigendiredion e athough
no shea forces are observed at that point.

Fig.5 Dilatancy effect of a shear force component. Surface of thermodynamic system: curved line. Tangential
force vector (dashed) will displace material point P towards P'; the distance from the origin isincreased.
Point coordinate x; is dretched to x;' by horizontal component of f, x; is dortened to x;' by verticd
component of f. X;: reference frame parall € to eigendirections.

In a ontinuum, the result of egn.29 counts twice This is explained through a thought
experiment. Step 1. assume abody loaded hydrostaticdly so that the operative forcefield
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(the change of the energetic state of the system) has magnitude -1, and the deviatoric field
has magnitude zeo. Along x; and x, the radius is contraded. Step 2 the boundary
conditions are relaxed along x; only; consider the surrounding as immobile. In the atempt
to reduce the stored energy, the material expands by itself parallel to x; whereas nothing
changes along x,. The operative field magnitude is reduced to -%4, and a deviatoric field of
magnitude * ¥2 develops. Since the expansion is not isotropic, the body will exert shea
forces at the surrounding; in the first quadrant (to the right of the mntrading eigen-
diredion and above the extending eigendiredion) it will result in a sinistral couple & the
system-surrounding interface and in a dextral couple in the second quadrant (courting
clockwise). Therefore, work is done by the system on the surrounding, thereby reducing
the energetic state of the system from -1 to -%%, until the system has readed its energetic
minimum state. Note, however, that the sign of the muples is oppdasite to what should be
expeded from a proper continuum pure shea case. Step 3. but if the surrounding deforms
with the system, it will first expand with the system in x;, and then exert additional shea
forces on the system, causing a dextral couple in the first quadrant and a sinistral couplein
the second, resulting in a further expansion parallel to x,. This shea work iswork done by
the surroundng, and will cause an increase of the energetic state from -%2to -1. Therefore
one part of the expansion is supplied by the shea effed of the material (Mg,e4 Cf. €qn.18),
one part by the shea effed of the external force field (f4.s Cf. €gn.18), and bah are
propartional to the magnitude of the deviatoric field. The result is that a dil ational force of
twice the magnitude of the integrated external shea forces ads upon the surfacepoint on
the extending eigendiredion which will therefore be shifted away from the center of the
system.

Note that the surrounding can cause shortening work on the system along X,
whether the interfaceis bonded or not, whereas the surrounding can cause an extension of
the system aong x; only if the system-surrounding interfaceis bonded. Hence there ae
surfacebonding constraint forces mg involved which do not do work by themselves, but
without them the surrounding could not do extensional work on the system. If the
interfacewere not bonded the extrusion of the system by itself due to mg;q (step 2) would
still oceur, but not the second component due to fyex) (step 3) where the surrounding is
adively pulling. In a perfed continuum with no solid-vacuum interfaces or bonding
discontinuities (e.g. joints, lattice defeds) nearby, both parts are observed. fye) beammes a
variable in the transition from continuum medhanics to discrete medanics and reades
zero at discontinuous surfaces, e.g. between a solid and air. An illustrated example is
given at the end of this paper.

6.3 Volume dfea of deviatoric loadng

A numericd example, using egn.21 (inward-direded work is paositive): ro = 1, f; = 1, and
volume Vy/p = 1. After loading to operative field magnitude 1/5, the magnitudes along x,
are Df = fop + fogeny = 2/5, 1, = 0.670, and along x, they are fop + frgey = 1/5-1/5=0, 1, =
1.000; but fyjny + fseq = -2/5, 50 r1 = 1.492 The volume of the resulting ellipse is V/p =
rir, =1, i.e areaispreserved if compared with the unloaded state (Fig.6).
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An important point is to be learned from this example. If the body had been
subjeded to a hydrostatic field whose dange of the energetic state is identicd in
magnitude to that of the pure shea example, it would have undergone a ontradiontor =
0.819, V/p = 0.670. This isotropic change of state is the thermodynamic ided change of
state because it requires maximum work and is charaderized by the highest boundary
constraints. Dilation always occurs as a function of shea forces fs ading on the system if
Feew t O. It appeas that with respea to a hydrostatically loaded body at some given state,
evay anisotropically loaded bod/ with identical energetic state is constitutiondly
expanckd. Dilatancy has been ohserved long ago, but Reynolds’s explanation is based on
the asaumption that the structure of matter is granular.?" 2 The prediction here is the result
of a ontinuum theory.

X,

X,

Fig.6 The making o an ellipse. Outer, heavy circle: surface of unit body before loading. Inner, light circle:
unit body after hydrostatic loading due to operative field; area decreases. Inner elipticd outline: change
of shape of loaded body due to normal deviatoric component only; area stays constant. Outer elliptica
outline: finite strain ellipse after considering shear work. Area between ellipticd outlines: areaincrease
due to dilatancy effect. For pure shear area loss due to operative field and area gain duwe to shear
dilatancy balance. X;: external coordinates parall €l to the @gendirections.

For the pure shea example chosen here the cdculated dlation exadly balances the
volume loss caused by the gplicaion of the operative field, that is, the resulting
deformation is isochoric. This prediction compares well with observations in red
materials in the sense that pure shea deformation is known to occur at constant volume;
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the dilation with resped to the hydrostatic loaded state is not obvious. In contrast to the
Euler-Cauchy approad that used volume invariance & a precondition, it is delivered as a
prediction by the gproach presented in this paper.

Since solids have anatural ided density, their cgpadty to expand is limited.
During hydrostatic compressonal loading, boundary conditions do not permit a behavior
that would be muntereffedive; however, solids cannot be expanded, and an artificial
meaterial underpresaure in the solid cannot be maintained because heterogeneous behavior
(i.e. cracking) is a viable dternative for the solid to maintain its equili brium internal
presaure.

7. Properties of Simple Shear
7.1 The d@gendiredions

The position O of the body center in spaceis given in coordinates X;. A second coordinate
set % isfixed to the body, its surfacepoints are given relative to O in the latter system.

Simple shea is commonly ill ustrated by laterally pushing a deck of cards on a
desk. It must be noted that the boundary conditions of this experiment deviate
considerably from the conditions of an orthorhombic field as required by the Cauchy
stress (@) the cads are tiff in their long extensions; (b) the experiment does not work if
the cads are wet or the stad is too high, so the wherence between the cads must be
negligible; (c) the pushing must be done parallel to the cads and the desk, not oblique,
and the pushing is gradually increased upwards. Condition (a+b) means that the material
is highly anisotropic, and the assmblage of cards is not coherent; in a general theory
these @nditions must be dropped in favor of initialy isotropic material properties
(considered to be the simplest case) and material coherence Condition (b) indicates that
no external forcesad perpendicular to the desk, not even those of the confining presarre.
Condition (c) suggests that perpendicular to the desk there is a gradient of forces which
themselves are oriented parallel to the desk. For a dextral shea the deviatoric externa
forcefield therefore has the form Fer = fo Where

& o
Fext = é ﬂxz ld (30)
@ 0qg

(Fig.7a). The dharaderistic equation of such afield is degenerated; the @gendiredions ¢
and e coincide and are parallel to x;. Since the d@gendiredion is red, there is no external
rotation. The field is most unlikely to be of physicd relevance by itself, at least not for a
reversible process The @ndition det T = +1 is a mnservation condition (the Jambian) in
a mapping; the mndition det T =0 is a strong indicaion that any kinematic concepts
based on this condition (e.g., “ided” simple shea, exemplified by the dedk-of-cards
model) are physicdly urredistic.
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(a) Xz ! X2 (b)

Fig.7 Simple shear external force field with unit body subjected to it. The force field only consists of forces
paralle to X;. The unit body is fixed in space and cannot rotate. P: point of acion of aforce vector, O:
origin, g: angle enclosed by positi on vector of P and x;.

This field interads with a unit body (the thermodynamic system) possessng isotropic
material properties (Fig.7h). Thus, in a cntinuum an infinite number of force vedors will
ad at an infinite number of points of adion along the surfaceof the system. Thereforeit is
necessary to find the average point of adion of the aserage force vedor f,, on the body.
From the statement of the problem (Fig.7), f i sin g where q is the ange enclosed by r
and the referenceline x;. The average for one quadrant is found through

P
c§ sinqdqg

b p

2

The average forceis avedor of the form f,, = [2/p 0], and the position vedor of its point
of adion Py encloses with x; the ange k = + 39.54° (Fig.8). If the body is fixed in space
and subjeded to aforcefield asin egn.30, the normal force @mponent has the form

f, =(f x1)n =cosq sing, (32
and the shea force mmponent is given by
f. =(f %)t =sin’q. (33)
At Py the latter is therefore
.2
f = g’%g = 0.405. (39)

If the body is alowed to read to the gplied forcefield, fyy) is acoommodated: since the
coherence is maintained, external disequili brium is impossble. Hence the system is not
able to rotate fredy, but surfacebonding forces mg will be adivated paradlel to its surface
Thus [fy| is subtraded from all [f¢ at all points; the sign of the dfedive fs will be
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reversed in some aeas. The dfedive shea force magnitude & any point P is therefore
fs(eff) q :fq >1:q - fs(k)| ) (35)
and thetotal effediveforce @ P(q) is

feff :fs(eff) +fn' (36)
Initialy there ae two pdnts with no radius-normal force @mmponentsat q=0and g=p
(Fig.7h). Due to the subtradion of fg, these points move avay from x; by g==*K to
either side of the mordinate ais. Since only normal components ad along these
diredions, they are interpreted as eigendiredions (contrading: ¢, extending: €) which are
not mutually perpendicular. They enclose the angles p — 2k =10092° and %k = 79.08°.
However, by using the unit vedor n and t * n in egn.32 and eqn.33, a sphericd shape of
the system is implied because there is no dfference yet between n and r. It is dill not
possble to balance the rotational momentum for a body with a sphericd shape &
Qp Ygem r¥2dgt 0. Therefore the esuumption regarding the shape may be faulty. The
anguar relation of the @gendiredions suggests that the dfedive forcefield fg for smple
shea and the shape of the system both have dlipticd properties. It is therefore necessary
to cdculate the shape of the dli pse which is in equili brium with fg with eigendiredions
asindicaed above, and which fulfil s the requirement of eqn.17.

Fig.8 Forcesat surface of abody in a cntinuum subjected to aforce field asin Fig.7. Average force f, at its
point of adion P, on surface of unit body in simple shear environment. f, with magnitude sin k
decomposes into normal force f, and shear force fs. The latter is acoommodated by surface bonding
forces. fy) is subtraded from shear force at al points, resulting in sinistral shear forces between P and
0.1 isthe angle of a mordinate transformation due to dextral shear force imbalance. The equilibrium
condition of * r dg =0 holds.
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7.2 Forcefield and shape of volume dement

In the pure shea example (PS), the field property tensor (egn.25) has the properties
tr Fps=0 and det Fps== 1. Eqn.30 for simple shea (S differs in the latter point.
However, the term in eqn.34 is not part of eqn.30. The field matrix for simple shea is
therefore asaumed to be dharaderized by the condition det Fss= + 1 after the subtradion,
indicating that all normal fluxes that are part of the deviatoric field and which enter the
system, will leave it as well. Thus, the force field under the boundary conditions for
elastic simple shea and the shape properties of the system are here modelled by assauming
an orthogonal field of the form
€l 0u
F, =& ¢
0 g) _ 1uu (37)
which is in equili brium with a system of sphericd shape. The maximum shea diredions
should coincide with the points on the mordinates, though, so the forcefield is reoriented
by a sinistral rotation of 45°. Both force field and radius field are then transformed by a
transformation matrix T to acquire dlipticd properties, where p are the position vedors
of the surfacepaintsin the untransformed state:
écotk 0 U

T=¢g T 38
go tankH (39

¢ 0 cotki_¢é0 T,u

TF, =Fy = & 0= : 39
T Tgank 0 {78, of 9
Tp=ry = [Tll cosq T, SinQ] ) (40)
and
FoeP =fgey = [T11 sing T, Cosq] . (41

The egendiredions of the dliptic radius field rq are thus mutually perpendicular, and
identicd to the principal axes of the resulting elli pse with area A/p = T11T,, = 1 whereas
the @gendiredions of the forcefield — extending: v, contrading: v, — are non-orthogonal
as desired,

1

tank

ec

u
g (42
a
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e C

Fig.9 Thermodynamic system, or volume dement, with urit massand dlipticd shape which isin equilibrium
with monoclinic external force field. Acute angle between eigendirections c and e = 2k.

7.3 Kinematics of simple shear

Conveniently, all eguations regarding equili brium conditions etc. are just transformed
forms of the pure shea example, too. The aossproduct simplifiesto

6f dev Vel |dq =TT, dcosz q- sin’ Q}jq =0, (43

i.e. the dliptic properties of radius field and force field cancd. The sum of the normal
force mmponentsis

& ceu 700 =(T3 + T2 Jiposqsingdq = 0. (44)
Since T2 +T2 > 2, the maximum megnitude of the dot product along the égendiredions
islarger than unty. Thisis believed to be an artefad of the dli ptic shape & the radii along

the @gendiredions do not have unit length due to the transformation by T. If the forceis
dotted with the inverse position vedor rg ™ = T,

df n(dev)|dd :(’\féul A 4000 =g2cosgsingdg =0 (49
the equili brium condition is gill maintained. The dliptic properties of force field and
body shape cancd, resulting in a cnsideration of normal deviatoric force (e per unit
radius, the maximum magnitude of which is 1. Eqn.45 gives the normalized relation of
[freyl tO |ral; that normalization of f, with resped to r is necessary (cf. egn.22). fo, (cf.
egn.18 to egn.21) is therefore dso a unit vedor. Eqn.43 and eqn.45 together ohserve
egn.17. Some vedor magnitudes are shown in Fig.10.
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Fig.10 Vector magnitudes in simple shear. (a) in urtransformed space, (b) in transformed space. Continuous
line: normal component fney) (€QN.45), long dash: Y e ~ rai%2(eqn.43), short dash: fs (eqn.46, seetext).
AR, AP direction perpendicular to R- and P- plane, cf. Fig.11.

If t~ n, tisnot atangent vedor to the dlipse, but is defined as a radius-normal unit
vedor, irrespedive of the orientation of the dliptic surface (This is against intuition
trained on the Euler-Cauchy theory which treaed stressas a force ating on a plane @& a
function of the orientation of the plane, but Newton's definition of the rotational
momentum does not make use of planes.) The magnitude of the shea force mmponent is
given by

fsen| = Faen X =Tis sin® g- Ty cos’ g (46)

Integration for separate sedors (e.g., from the @ntrading eigendiredion to either side
towards the extending eigendiredion, or from O to k and from k to p/2) shows that there is
an imbalance between dextral and sinistral shea forces ading on the system. However,
egn.46 is not an equili brium conditi on, the shea forces by themselves need not balance
Because forces are balanced for the dli pse (eqn.43), an imbalance in fyge,) Cannot imply a
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spin. The imbalance is therefore interpreted to indicae apermanent reorientation of the
force field through a transformation of the internal coordinate axes x; with resped to the
external referenceframe X; by an angle!l such that

\/f fs(sinistra)| = tanl ; I = 28’830 (47)

where the vedor magnitude terms under the root stand for the integrated sums over
adjacet sedors. Since the dgendiredions are red, the transformation angle | is gable.
(Therocat is taken because dl anguar terms in egn.46 are squared. The LHS in egn.47 is
interpreted as a tangent term becaise there is no reason why it should be restricted to
values £1. As the LHS® ¥, | ® 90°, which would be the condition for external
rotation. At the same instant, the charaderistic equation should degenerate, whence the
eigendiredions become imaginary.)

Above it was explained that a shea force has the dfed that P is displacel
towards P, away from c, and towards e. A shea forcewill always cause alocd extension
propational to its magnitude. That effed is additive from paint to pdnt. During a smple
shea elastic deformation, the same principle holds, except that the égendiredions are no
longer mutually perpendicular. However, the result is smilar to that of egn.29 (which was
1 over ead quadrant), except that the surface over which the integration is performed, is
larger than that of the drcular volume dement. The result per quadrant is therefore larger
than for a drcular surfaceby the fador T;;T,2/2 = 1.018 As explained in the pure shea
example (following eqn.29), this result counts twice, ws = 2.036.

ws is the dilational effed of the shea forces aong the radius r, parallel to e. The
shortening fador for the radius r, along c is given by eqn.21. If v, and v, are the
normalized eigenvedors, they can be understood as the radii of a unit circle subjeded to
the monoclinic field Fr =f, and the displacament field can be caculated. A numericd
example, usingegn.21: ro = 1, fo = 1, and volume Vy/p = 1. After loading to operative field
magnitude 1/5, the magnitudes along ¢ are Df = fo, + frgey) = 2/5, o = Qv ¢ = 0.670. Along
ethey are fop + frgey = /5 -1/5=0, re = 1.000 but w; = -2.036/5 = -0.407, SO I'e = VG =
1.503 If Sisthe displacement field property tensor,

r.fe =|V,||Ve| = detS=1.0075 (48)
indicaing that in this example the volume expands by 0.75%. The epansion increases
progressvely, i.e. the material density deaeases in elastic smple shea in comparison to
the unloaded state due to excess fiea work done ajainst the internal presaure of the
material. This volume increase in elastic smple shea has been observed; it is known as
the dilatancy.?" % From the gpproach presented here it becomes clea that this behavior is
not unique to simple shea. It was also found in the pure shea example where it was
hidden because it canceled the cntradion caused by f,,, and where it cannot be expeded
by theoreticd approaches that include the a priori asaumption that the materia is
“incompresshble”. To this author’s knowledge, the gpproac presented here is the first one
that predicts the phenomenon of dilatancy not as a function of the material properties, but
as afunction of the physica set-up.

s(dextral)
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7.4 Geometric properties of simple shear deformation

The mordinates x; are rotated with resped to X by | in the sense of shea. In physicd
space X;, the following picture emerges (Fig.11): the extending eigendiredion e is at
10.71°, the contrading eigendiredion cisat 111.63°. The bisedors of the ang es enclosed
by ¢ and e are parall €l to the x-coordinates and represent maximum shea diredions. The
orientation vedor biseding the large sedor at 61.18° indicaes a shea plane perpendicular
to that orientation, the R-plane is therefore found at -28.83°; the orientation vedor
biseding the small sedor at -28.83° indicaes the P-shea plane & 61.18° (Fig.10).

Fig.11 Dextra ssmple shear. Predicted flow field. Calculated geometric properties: x;, Xi: internal and external
coordinates, c: contrading eigendirection, e: extending eigendirection, R: R(ieddl)-plane; P: P-plane.
Despite the fad that the external force field feq does not have a component parallel to x,, the dfective
field fia and the displacement field both do.
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Fig.12 Geometry of simple shear. Top: Observed geometric fabric properties (after Ref.24). Bottom: cdculated
geometric properties (identicd to Fig.11): The only major difference between observation and
prediction is the orientation of the grain shape foliation of quartz (amphibolite grade metamorphic
fades). However, quartz grain boundaries are highly mobile, and considered not diagnostic. The
extending eigendirection is believed to correlate with the lattice preferred orientation (e.g. mica) which

commonly is shallower (cf. Fig.13).
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A . " F > ’ 7 s : = s -
Fig.13 Dextra simple shear. Natural S-C-fabric: lower greenschist fades mylonite from the Insubric Line,
Sesia Zone, Val Strona, Italy. Long edge of photograph is paralld to the bulk foliation, providing
external reference frame. Shear planes moderately inclined to the right are the C-planes. Compositi onal
layering gently inclined to the left is the S-plane. Note considerable sinistral volume rotation between
C-plane discontinuites with dextral off set. Bulk sense of shear is dextral.

Fig.14 Dextral simple shear. Viscous simple shear deformation in subrecent obsidian flow, Lipari Island, Italy.
Upper layer consists of blad glasswith vesicles, was ©fter, and shows drag. Lower layer consists of
partly crystallized material, behaved stiffer, and readed by fraduring. Drag in upger layer and joint
orientation in lower layer indicate dextral flow.
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Fig.15 Dextra simple shear. Permian amphibolite grade metamorphic shear zone, Koralpe, Austria. Diagnostic
joints cal0C inclined against the sense of shear, and perallel to eigendirection ¢ in Fig.11. Joints
opened duing late Tertiary uplift through release of residual tensions as confining presaure dropped.
Verticd dimension cal,2m.

The topic of this paper is the force field that causes the deformation, and the displacanent
field. But irrespedive of the deformation mode — elastic or plastic — the displacement field
must reflea the properties of the force field even if the resulting feaures may differ
considerably in their nature. Therefore it is justified to correlate the properties of the
cdculated force field with fabric dements observed in plasticdly deformed rocks. X; is
the shea zone boundary (Fig.12). Of the @gendiredions, e is identified as the S-plane in
S-C-fabrics® and the plane parallel to which the main anisotropy of crystals is oriented. It
is thus a stretch-only, no-rotation-no-shea diredion. The predicted angle of ca 11°
compares favorably with the obli quity of fabric diagrams from monomineralic shea zones
formed of minerals with only one major shea plane (ice mica).

c is not well developed in hightemperature tectonites. It may be recognized
through a lac of presaure shadows, or minimum mica dignment along the surface of
feldspar porphyroclasts. However, if mylonites are exhumed they commonly develop
joints that cut the layering at ca70-80°, consistently inclined against the diredion of
shea. They appea to be mntrolled by the dastic energy stored during plastic deformation
which is released when the mnfining presaire is no longer able to hold the rock together.
Thismodel predictsthat dilational cradks sould open paral el to c.

Considering regiona scde, the maximum compressve loading diredion along
the San Andreas Fault in California is known to maintain an orientation to the fault which
is often cdled perpendicular. The data in Ref.26 show, however, that it is not perpen-
dicular, but commonly at around 8C to the fault, consistently inclined against the sense of
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shea (Fig.16). It is, in other words, within limits of natura variation indistinguishable
from the c-diredion of the model presented here. The observed maximum loading
diredion along the San Andress Fault has caused puzzZlement because it cannot be
predicted by the airrent theory, and is presently the subjed of a drilli ng projec.?” It might
be worthwhile to pander the thought whether this is indeed the Fault’s fault, or whether it
israther the theory that isinsufficiently understood

Fig.16 San Andreas Fault System in California, simplified after Ref.26. Thin lines: coastline, and outline of
Great Valley. Medium line: San Andreas Fault and other major faults. Thick lines: measured horizontal
maximum loading arientations, commonly observed from borehole breakouts. SF; San Francisco, SLO:
San Luis Obispo, SB: Santa Barbara. Angular relation of measured maximum elastic loading with San
Andreas Fault iswithin natural variation similar to cin Fig.11.

The shea plane & q = -28.83° is the Riedel plane R or the C-plane in S-C-fabrics.?® The
P-plane is usually suppressed in netural plastic deformation, but has been observed in
shea box experiments, and is occasionally found as a minor shea diredion (Fig.11).%° It
is better developed if the PTt-conditions were nea the brittl e-plastic transition zone. The
synthetic R-plane (here dextral) and the antithetic P-plane (here sinistral) are not
medhanicdly equivalent. The R-plane is expeded to be the first to yield at the onset of
plastic flow. Fig.11 shows the flow field. The sense of shea on the R-plane is g/nthetic to
the bulk sense of shea, but the R-plane dso simultaneously rotates antitheticdly towards
€, in the processit is progressvely stretched until it decgys. R- and P-planes are stretching
faults in the sense of Means.*® The aithor believes that this paper provides the theory
anticipated by Means for his geady state foli ation concept.®*

8. Energetics of Elastic and Plastic, Pure and Smple Shear Defor mation
81 Elastic deformation

The state in which the systemis, is controlled by the operative force field which serves as
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a measure of the field strength. It can be used to compare deformation types with one
another. In the dastic mode, the operative and the deviatoric field are propartional to one
another during loading; thus they both require work which represents the dastic potential.
Since the sum of f,ge, from O to p is zero, the work done by normal forces is only the

work done by f,
2p

Ofpda=-2p (49
0

for ro = fo = Dfyp = 1 (cf.eqn.21). For an isotropic state, this would be the only term to be
considered in 2D; in absolute numbers it turns out the be the maximum work for all states.
This work will cause an isotropic contradion. Work done by shea forces will cause a
direded dlation. Integrating eqn.29 from 0 to p/2 for one quadrant, times 4 to acoount for
al quadrants, yields 8.000; total work in elastic pure shea is therefore Wegey = 8 — 2p =
1.717.

In elastic simple shea, the magnitude of f,, is the same & above. The shea work
term (egn.48) must be evaluated for one sedor from c to e, and multiplied by 4 to acount
for al sedors. Tota work in elastic simple shea is thus Wsgqq) = -2p + 8.144= 1.861 At
similar operative field strength, an elastic ssimple shea thus requires 8.4 % more energy
than pure shea.

8.2 Plastic deformation

The mechanism by which plastic deformation is achieved is not in the scope of this paper;
however, it is here asumed that the material remains continuous, and that a homogeneous
state of the force field f is maintained. The transition from the dastic to the plastic
deformation mode (the yield pant) is marked by a dhange from reversible to irreversible
behavior. Thus the operative field reatdes a stable value requiring o more work.

All further work, the plastic deformation energy, is then work done by shea
forces only. Since the dilation caused by them is aso an elastic fedure, the buildup of
which stops at the yield pant, the energy is not stored in the volume of the system, but
disspated along its surface Since the system therefore behaves passvely, the double
shea work concept (seediscusson following eqn.29) no longer applies, thus the required
shea energy is only haf the amount for elastic deformation. Disspated energy is energy
lost and need not be balanced; however, since no freewhole-body rotations are possblein
a field with red eigendiredions — which are still required by the antinuing existence of
the dasticdly loaded state — the torque must still be balanced.

For pure shea, the sinistral and dextral shea integrated balance thus no externa
rotation of the system is possble. In terms of work done, sinistral and dextral shea work
add, thus the work done in plastic pure shea is half of the anount done in elastic loading,
i.e Wespl) = 4,

For simple shea the dfairs are alittle more complex. Eqn.46 integrated from the
contrading to the extending eigendiredion for both sedors yields differing magnitudes:
1.339 dextral shea work in alarge sedor, and 0.733sinistral shea work in asmall sedor.
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The imbalance for the entire system is 1.202, the total shea work done on the ettire
system is 4.144. Since the large sedors dominate, the imbalance is resolved into plastic
dextral bulk shea. However, the resolution of the dextral imbalanceleals to an imbalance
in the torque of the entire system. Since the shape of the system is élliptic and the long
axis of the system is in the small sedor with sinistral shea, the anguar momentum of the
system is propational in magnitude, but oppasite in sign to that of the resolved shea, i.e.
sinistral. The dextral plastic shear work costs energy which is disdpated, i.e. it is an
internal dextral rotation. The rotation of the system due to the anguar momentum is an
external sinistral rotation which is free Since internal and external rotation cancd, the
eigendiredions are till red. Thus the energy disspated due to a plastic dextral shea is
minimized by an external sinistral rotation, and the energy thus saved is propartiona to the
imbalance; thus Wesp = 4.144—1.202= 2.933

At similar operative field strength, a plastic smple shea thus requires 26.7 %
less energy than pure shea. Energetic differences of such a magnitude have been
observed in experiments; they occurred systematicaly as a function of the displacement
field, and independent of the experimental substance (quartz, salt, gypsum).®? 3

The cdculated work above gplies to homogeneous plastic deformation. The
ided elastic-plastic transition is expeded at the point where dastic loading exceals the
strength of chemicd bonds. Elastic work is gored in the volume of the system wherees
plastic work takes placeon its surface The surfacevolume ratio for any given body shape
deaeases with increasing scde; thus energy will be saved during plastic flow if certain
volumes are deadivated, and the adively deforming wolume is restricted to a minimum.
More energy will be saved if the displacement type within the adive regionsis a simple
shea. This prediction would dffer an explanation why a homogeneous elastic pure shea
commonly decas into a heterogeneous network of conjugate simple shea zones at the
yield pant.

9. Properties of Plane Deformation in Three Dimensions

So far, the model was discussed in two dmensions only, ignoring the dimension perpen-
dicular to the kinematic plane. The ambient and the operative field have isotropic
properties. Thus they ad in all three dimensions, implying that the intermediate diredion
is not neutral even if the boundary condition (plane strain) stipulates that the finite dfec
perpendicular to the kinematic plane is zero. This effed is discused now. — Here, the
coordinates xy, Xs define the kinematic plane, and x, is perpendicular to it.

9.1 Nature of boundary conditions for plane deformation

If work is understood in the Newtonian definition w = fxd, it is natural that no work is
done in diredions for which f; = 0 = d;. Thusit is commonly held that no work is done in
diredions in which no displacement takes place Thisis not corred in the cae of changes
of state, however.*>*2 Consider a solid container which is fill ed with air, and closed by a
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piston. If the piston is moved inward the presaure increases; but it does not matter if it is
the piston or any other part of the walls that move, or if al the walls move inward — the
presaure increases on al the walls. The oondition that the walls of the container do not
move, is a boundary condition that can only be maintained by increasing the presaire
from outside, that is, the non-moving walls do work too. If both the piston and the bottom
of the mntainer move & the same rate in the same diredion the volume of gas is
externally displaceal, and Newtonian work is done; but no internal change of dtate is
ohserved, and no PdV-work is done. If a gylinder of solid is shortened in Xs, it will expand
baoth in x; and in x,.. This is an effed of the principle of least work: it will require
addtitional work to get the stretch in x, badk to zero if a plane deformation is to be
adhieved, and even more work if no net change of length in x; too is the desired result.
Therefore the diredions in which no net displacements occur, are neverthelessnot “dead”
diredions. The situation is complicated by the fad that a gas can only be in an isotropic
state of static loading whereas lids can be loaded anisotropicdly, and two dfferent
loaded samples with similar volume may be in two energeticdly different states of
loading revertheless

9.2 Forcesand displacementsin plane deformation

Consider a system in a large continuous body of solid subjeded to plane deformation
external conditions. The mntrading eigendiredion c will be in xs, the extending eigen-
diredion e isin X3, and no net change is to occur in x, which is the intermediate @gen-
diredion. The forces which ad upon a system of solid in a @wntinuum are (egn.18):

frotar = Top * Faew T Ty +F

where the force field f,, is always isotropic and inward-direded, representing the ided
change of state; the deviatoric field fg, is decompased into the normal components f, and
the shear component fyeq; and due to the bonded nature of the mntad of system and
surrounding there is an extra shea force @mponent gy (Cf. text following egn.29). Thus
a ontradion in x; is caused by fop.

Take pure plane shea as an example, where the extending eigendiredion e // xq,
the contrading eigendiredion c // X, and X, is the intermediate @gendiredion in which no
finite deformation is observed. Altogether, the force dong the main diredions are
composed as follows: in X; there ae 1fy, +1f, = 2 inward-direded components. In x;
there ae 1fop- 1 - 1 fginy - 1fgexy = -2 outward-direced components. In x; thereis 1 fgp,
but the normal deviatoric force ating on the system is zero since in X, there is only the
ambient (pre-loading) and the operétive field. The cmponent fye iS zero too, so only the
system shea component fgq is present since the boundary conditions permit the system
to expand by itself, resultingin 1 fo, - 1 gy = O total forcein x, (Fig.17, left panel; sign
convention: inward-direded components are pasitive). Thus aong x,, the volume
contradion caused by f,, is exadly canceled by the system shea dilation. However,
dthough the volume ontradion by f,, and the shea-caused dlation cancd in this
example, there is an important difference between the two. The ntradion by fq, is
isotropic, thus it does not have discrete egendiredions. In contrast, the dilation by f is

total dev s(int) s(ext)
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anisotropic, astretch is observed bahin x; and in X..

This configuration of forces (or displacements, applying the work function
egn.2l) is dable and represents the loaded equili brium state & long as no bands are
broken, and it remains dable if the system is elasticdly unloaded. But bonds will be
broken if the solid readies its elastic limit. The orientation of the joint can be expeded to
be such that maximum energy is released, it should therefore be cntrolled by the
orientation of the @gendiredions of fi. But since fy, is isotropic, it can be discourted.
We ae left with the properties of fg., i.€. the shortening diredion x; and two dfferential
extending diredions x; and x,. The forces in the latter two cannot be released completely
by a defed of any geometric shape because neither a sphericd cavity nor a planar cradk
completely matches the properties of the force field. In order to release the maximum
elagtic deformation energy (so that the solid can assume its minimum energy state), the
maximum extending force in x; can only be combined with the one éther in +x, or -X,,
ditto for -x;. The deviatoric stretch ratio in the two dredions is fge,(X1) : fae(X2) = 3:1.
Thisratio isinterpreted to be the tangent of an angle sinceit can be >1, and because shea
forces are involved. Thus the angle of maximum energy release measured from X, is
* atan 1/3 = + 18,44° (Fig.17, right panel). These diredions are mnsidered the metastable
extending eigendiredions €' of the resolved state. They are expeded to be perpendicular
to the joint planes which also contain xs; their orientation is thus fully determined, and a
conjugate set of joints enclosing an ange of idedly 143 is predicted.

For simple shea, esentially the same orientations are expeded, except that the
contrading and extending eigendiredions are inclined against the sense of shea (Fig.18;
cf. Figs.11 & 12), and the angle enclosed by the joints may be larger because the dil ation
in plane simple shea is larger than in plane pure shea. The predicted joint orientations
compare favorably with fedures ohbserved in the field, both in geologicd shea zones
(personal observation) and inice (Fig.19).

X1 X1

X2

Fig.17 Forcesin the x;x-plane in plane pure shear. Shortening direction x; perpendicular to page. Left panel:
medium grey — outline of thermodynamic system before loading; dark grey — isotropic contradion due
to fop; light grey — final shape due to normal forces in x;, and dlational effect of shear forcesin x; and
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X2. Right panel. Effect of deviatoric forces only, magnitudes of eigendirections of ellipsoid: x;: 1 f, + 2
fs, Xo: ?lo fs. Combined effect of forces along x and either x, or —x, resultsin conjugate maximum energy
release directions (arrows) and joint orientations perpendicular to them (heavy blad lines).

Fig.18 Orientations of joints in space, dextral simple shear. x:: externa coordinates, e extending eigen-
direction, stable for equilibrium state (elastic loading); c: contrading eigendirection; €: metastable
extending eigendirections for non-equilibrium state (crading, viscous and dastic flow); spiralsindicae
opposite sense of unbalanced rotational momentum. Medium grey plane containing x, and e: S-planein
SC-fabrics; light and dark grey planes containing ¢, and perpendicular to the €' joint planes. Bulk
foliation plane is x;x.-plane.
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Fig.19 Wedél ice shelf, colorsindicate ice thickness Dimensions ca40” 30km. Ice floating on water is pulled
apart by the prevailing wind, opening long crads (‘leads’) . Deformation conditi ons assumed to be close
to plane deformation, with stretch drection oriented NE-SW if verticad image dimension is N. Bottom:
the angle predicted in Fig.17 fits well on most natural angles here, with very little natural variation.
Nasaimage; http://visibleearth.nasa.goviview_rec.php?d=451
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Fig.20 Pditic schist, view on the foliation plane. Left: Dark elongated spots parallel to lineation: staurolite
crystals, red: pen for scde. Right: Structural interpretation. Green: stretching lineation; red: two late
joints; blue: traces of C-planes on main foliation (S-plane) form conjugate sets, symmetric relative to
lineation; charaderisticdly, one of the sets (light blue, plunging to right) localy dominates over the
other (dark blue, plunging to left). The strongly developed intersection structures are substructures of C-
planes at a larger scde, two of which, again conjugate, intersect in the picture (darker shaded cross.
Note rhomboid structure just above pen die to interference of both SC-intersection directions. — Joints
(red), traces of C-planes (light and dark blue) and C-planes at larger scade (shaded) are all conjugate,
and symmetric relative to the stretching lineation (green); the plastic structures (C-planes at small and
large scae) show the angle predicted in Fig.17. Shear sense revealed by top-bottom asymmetry of small
structures is background up observer down. Gove Formation, Rt.101, New Hampshire, USA.

The model is interpreted to indicate that upon initiation of irreversible processes, started
by breing of bonds (permanent or other), the thermodynamic system of the balanced
state decays into two subsystems. However, the release of the deviatoric force field is
necessarily lopsided (either fg, dlong x; and +x,, or those dong x; and —x,) which has the
effed that e is reoriented into either metastable dgendiredion €; that is, for the
subsystems the rotational momentum is no longer balanced becaise bonds are broken.
The two sets of subsystems dould be rotationally accéerated about ¢ with mutually
oppasite sense of rotation. The decay of e into €\ and €igy represents a bifurcation
event.

In principle, the imbalanceindicaes that x, is not a stable diredion in any type of
irreversible flow even in plane deformation, and fabric dements or mesoscopic structures
parale to x, are subjed to reorientation and/or decgy. However, the phenomenon caused
by the imbalance may differ in nature, depending on the properties of the flowing
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substance Sili cae rocks commonly retain a state of elastic loading which has been stored
during metamorphic oonditions. Once the rock approaches the egosion surface during
uplift to the degree that the reduced confining presaure is no longer able to balance the
elasticdly stored energy it may cradk. Commonly the @herence is not completely lost,
and the released rotating momentum is instantly balanced by externa constraints on a
larger scde; the conjugate joint set is all that gives witnessof the phenomenon. However,
if particles gallate off the free surfaceof aloaded body of solid, there ae no longer any
externa constraints, and the fredy rotating shards can be very dangerous.

In highly viscous materials undergoing plastic flow, external rotationa
acceeration of subvolumina is again prevented by the overall coherence of the material,
and disequili brium can only be locd. Yet reorientation may take place & the scde of a
grain, or it may be regionaly partitioned at varying scde. For example, wholesale
reorientation of fabric dements is commonly observed in simple shea zones which have
undergone very large finite deformation. Pre-existing passve marker layers are deformed
into cylindricd folds, their fold axes are believed to nucleae paraléel to x,. But they are
reoriented with progressve deformation to be digned with the diredion of transport x;
from either side (Fig.21). The resulting structures are cdled sheah folds becaise the
marker layers form (in the simplest case) elli pticd tubes extending parall €l to x; which are
charaaeristicaly closed on one side.***® (This author would contend that the fold axes do
not nuclede parallel to x,, but perpendicular to either €; but the two ogtions will be hard
to discernin the field because they will begin to be reoriented soon after nucledion.)

§ <

Fig.21 Development of sheath folds. A passve marker layer originally warped in cylindricd folds (left) with
fold axes parale to x,. During progressve deformation the fold axes will bulge and protrude rodlike
into the extending eigendirection e until a strong linear fabric is formed (right). Center: e-x; plane: fold
axial plane; c: contrading eigendirection. Arrows indicae sense of reorientation of locd fold axes.

In materials with low viscosity the oherence may be relaxed to such a degree that
externa rotational acceeration is indeed possble. Air undergoing simple shea while
flowing along an x;x>-surface (Couette flow) commonly develops turbulences, i.e. eddies
which rotate in either sense @out an axis which is close to x3. Since flow has been
considered a mnservative physicd problem, and since éastic deformation has not been
properly understood as a change of state'"'? irreversible relaxation of the dasticaly
loaded state has 2 far not been considered in the seach for the origin of turbulent flow.
However, it should be readily recognized as the cause of “elastic turbulence”.*” *® There is
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no obvious reason why the same mecdanism cannot work in low-viscosity gases.

10. On the Flow of a Real Gas

The forcein Newton's equation of motion f,, = ma is a single-vedor force by nature, with
unique diredion and magnitude. It describes the accéeration of a discrete body in
freespace due to collision with another body. This restricts the gplicability of fy to
conservative ewironments where the mnservative law of energy conservation Ey, + Epg
= const applies; beyond that it is of phenomenologicd value only. fy, cannot be derived,
and it cannot form afield. The forcefr = U/ isafield force indicaingthat relative to
some reference point Q, to every point in spacewith position vedor r a vedor f can be
assgned througha function Tr = f where T is the field property tensor. This definition is
far more general; gfU/1x; is not an equation of motion. Whether an ohserved force is of
type fy or fr must be dedded by inspeding the physicd problem under consideration. The
two types of forces differ profoundly in their physicd and mathematicd properties, they
cannot be transformed into one another.

All free @aoms in a gas are subjeded to two sets of forces. (1) Atoms travel at
some finite spead and undergo pasitive or negative accéeration during a allision.
(2) Atoms carry with them an eledromagnetic field which attrads or repels other atoms.
In the theory of gases the latter is usually ignored, as e.g. pointed out by the cautionary
remark of Déring (Ref.39, p.12) “If the assumptions of our model are wrred [..] that the
mean potential energy of the interadive forces (among the @oms) can be ignored in
relation to the kinetic energy (of the aoms) ...” The assumption appeas to be justified at
first sight because the mean velocity of atoms in freespace & room temperature is in the
order of 500to 1000nV/sec (Ref.39, p.12), and the dedromagnetic potential is asumed to
be of importanceonly at very close range.

However, the nature of both forces involved dffers profoundly even thoughtheir
effed may be similar to some extent. Consider some @nfined volume V with surface A
containing one &om. In order to exert a presaure on the surrounding in al diredions, the
atom must bounce aound and exert aforcefy such that all points of A are touched, which
is posshle only over infinite time. The required time Dt may approach zero as the number
n of atomsin V isincreased towards infinity, but it cannot read zero. In contrast, even the
forcefield fr exerted by one aomisfelt at al pointsof A simultaneoudly at t = t,.

The natural atomic velocities above ae & least ten times as high as those of the
most devastating huricane. The maaoscopic diffusion rate in a gas is ®ven orders of
magnitude lower; this gives a measure & to which degree an initial signal (momentum)
can be changed by ca 10" interatomic colli sions per atom per second. Assuming that the
atoms behave like sphericd bodes, the travel diredion of one particular atom bemmes
unpredictable dter a very short time. That is, the cmbined effed of fy of al atoms is
random at the @omic scde, and isotropic & the scde of V, and this condition is rather
stable: whatever externa influences exist which could superimpose some order on the
random motions to creae aform of homogeneous atomic flow, will i nstantly be wiped
out. It is therefore hard to see how an external mechanicd momentum — either single, or
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in the form of a momentum front — can propagate through a gas at a speed appredably
faster than the diffusion rate, and without loosing its diredion. Wholesale accéeration of
a volume of gas by a spatial array of fy (avoiding the term field) causing a direded,
systematic accéeration of n single @aoms moving in n different diredions is therefore not
posdble; and if it were posdgble, the maaoscopic flow velocity would have to approach
the natural atomic velocities with increasing geometric order. However, such velocities
are not observed. Homogeneous flow at the maaoscopic scde eists apparently despite
the random nwotion at the aomic scde, i.e. the two processs take place simultaneously
and — to afirst approximation — independent of one another. This implies that it must be
passble to cause whole bulk volumes of a gasto flow in aregular way at the maaoscopic
scade without suppart or interference by the motions at the aomic scde.

(Stokes™ did consider random motions of atoms in a gas and believed that his
theory should be valid on the maaoscopic scde nevertheless His theory comes apart
becaise the natural atomic velocities are far higher than he imagined. The natural
velocities were dready predicted in the 19" century, but not believed; they were shown to
bered only in the 1920s.)*°

If it is not the individual atoms which are made to flow in a systematic pattern by
an array of external momenta, it is uselessto start the theory of flow with an equation of
motion. Instead, the evidence cdl s for a mecdhanism which is independent of kinetics. The
key to understand flow of a gas must therefore be in the eistence of the field forces fe
which have their origin in the dedromagnetic potential energy Ue,, of the aoms (cf. eqn.2
and egn.4a). Kinetic energy Ey, is exchanged only during mechanica colli sion of atoms
and causes a gas to fill a given V homogeneously by maximizing disorder. Field forces fe
are felt over long distances in freespace and they are attractive, i.e. even if they are much
smaller than f,, they have the patential to bring about a least energy configuration, thereby
reducing randomness Thus fy are now ignored. Due to fr there must be aspatial energetic
structure even in agas, and that structure isisotropic in the static state.

One mnsequenceis that the aoms can no longer be mnsidered discrete bodesin
freespace A body is said to be discreteif it is possble to envelop it by a dosed surfaceA
such that no pdnt in A runs through mass’ only then is it permissble to reduce the body
to a point source (i.e. ignoring its volume, and considering the entire massof the body to
be mncentrated in one paint; points on A are neither system nor surrounding since both
read inifinitely close towards A). The condition is meant to clarify whether work done by
a given mass quantity is part of the work done by the surrounding on the system or vice
versa. If atoms can be wmnsidered discrete bodes in freespace their motion is holonomic,
i.e. unrestricted in the sense that the motion of one particular particle does not implicitly
affed the trgjedories of al others. But bonds are field forces fr which can dowork at long
range, and the motions of bonded atoms are not holonomic. At time scaes which are short
in comparison to the diffusivity, the random notions must be disregarded altogether, and
the gas aaqquires properties smilar to those of an elastic solid since its energetic structure
defines its mechanicd properties, and the average distance between an atom and its
neighborsis optimized. Only if such a structure eists, the gasis ableto build up an elastic
potential; after all, elastic work is work done by changing bond lengths, not by
displacament of massin freespace and the best evidence for elastic deformation of a gas
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is the transmisgon of sound. Thus Kellogg's satement must be extended to the dfed that
the freespace ondition does not hold if A disseds an energetic bond, beit transient asina
gas, or permanent as the chemicd bonds in solids. The material, be it agas or a solid, is
therefore no longer a kinetic system of n discrete bodes, but it represents a homogeneous
massdistribution with the potential to ad as a mechanicd lever. — The problem relates to
the question how a minimum thermodynamic systemisto be chosen in ared substance It
could be dhosen so that A encloses one singe aom, cutting through the bonds with its
neighbors, or vice versa it could be diosen to enclose the bonds, cutting through the
atoms. The former appeas to be the more natural choice, but for the latter there is a
precalence cae — the minimum lattice cdl in crystallography which must contain the
bulk composition, and which has atom fradions at its corners. If the latter is the orred
choice, Kellogg's requirement is unambiguously answered becaise in that case A does run
throughmass

Since aleast-energy structure existsin agas it can be perturbed. The propagation
of the information that a perturbance occurred, is not bound to mechanicd interadion, but
it is transmitted by field forces, and will procee at the speed of sound throughthe gas. In
principle, the readion of a gas to anisotropic loading should be simil ar to that of a solid as
long as time-dependent processes can be ignored. In that sense the deformation theory
outlined in this paper should apply to the flow of fluids too, including the bifurcation at
the reversible-irreversible transition explained above. The suggestion is suppated by
observations snce agas has the same propensity to concentrate deformation in narrow
shea zones as a solid undergoing plastic flow. In Fig.22 air passes through a tube. The
center of the stream expands homogeneously parallel to the tube, but apart from that it
remains largely undeformed. Active flow is restricted to a very narrow band nea the
walls. These mnes deform by simple shea (cdled Couette flow in fluid dynamics), and
they are dso zones of reduced massdensity, relative to the center of the stream at similar
distance from the tube eit. The evidence suggests that regions adively deforming by an
irreversible process sich as viscous flow are minimized wheress regions which are
passvely trandated are maximized. Apparently this partitioning requires less energy than
homogeneous flow. The observation is in agreement with the prediction that irreversible
simple shea flow requires substantially lesswork per unit strain than pure shea, and that
zones undergoing simple shea are measurably dilated elasticdly relative to a cntinuum
a rest (above). Also, the expansion in the ceater of the flow is not isotropic since
boundary conditions permit expansion only parallel to the tube. Thus the bifurcation may
be triggered inevitably at some paint in time not only in the boundary layer, but in the
center of the flow itself. Again, this is in agreement with experimental observation
showing that turbulenceisimpassble to avoid even urder maximally ided conditi ons.
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Fig.22 Mad-Zehnder-inferogram of air flowing through atube and past an opening. Equidensity linesindicate
gas inside tube homogeneously expanding towards the exit. Very low density gradient perpendicular to
tube in center of flow, strong density decrease in thin layers near walls (known as Prandtl boundary
layer). Redrawn after Ref.45 (original figure from Ref.46).

The eaitire internal energy U of a volume of gas thus consists of two components
(Ref.11, egn.2): the kinetic energy E, of the n atoms in the system, and the
eledromagnetic field energy U, from which the forcefield fr is derived (Ref.41, p.37). It
can be saumed that Ey, >> Uq, in a gas, but an elastic deformation can only cause a
change of Uen; Exin can only be changed through atomic oolli sions (change of the average
velocity would amount to influx of hed) the spatial effed of which is isotropic. Thus a
change of state DU;,; due to the dastic deformation is a change of Ug, (Ref.11, egn.4a).

Consider a volume-constant elastic deformation of a gas. It differs from the undeformed
state only in that it is ordered. Consider a volume of spacewith an atom in the center at to,

and with a radius propartional to the mean freedistancein al diredions. In the unloaded
standard state the shape of the volume dement is isotropic-sphericd, and colli sions will

take placein al diredions at t;. In the isochoric deformed state the shape is that of an
elli psoid, and its eigendiredions and its orientation in space ae those of the displacament
field. Between to and t; the velocity structure becmes anisotropic since the lli sions
parale to c will occur ealier than those parallel to e; consequently, scatering will cause
a momentary preference for the velocity vedors to be digned with e. The anisotropy will

be disdpated after a few colli sions unless the loading is continuously renewed through
externa control such that the disspation rate equals the loading rate per unit time. When
the stored energy DUq, is disspated, the ordered state disintegrates at constant volume,
and DUq, is converted into E, by diffusion and hence into hea. Given the differencein
magnitude of Ugy, Vs. Ey, the thermal effed of the disdpation of DU, is expeded to be
small, but not zero.
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If the propasition made in this paper is accepted that flow of a gasis not due to
medhanicd interadion of individual atoms in the sense of Newton, but due to
eledromagnetic-thermodynamic force fields and interadion of system and surrounding, it
would relieve theoreticd thinking of the restrictions inherent to kinetic oconcepts,
espedally the necesdty to know bath locaion and velocity of the aomsin the initial state;
it isnot possble ayway.

11 The Navier-Stokes Equations

The basic tod in the understanding of fluid dynamics to date is the set of Navier-Stokes
equations. Although they have been in use for 160yeasit is amazng to seehow little is
redly known about them. It is not even known whether solutions to the Navier-Stokes
equations adually exist, or whether the vedor field exists which is implied in the
equations.*? For the so-cdled incompressibleflow the equations are
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where u = u(x, t) isthe velocity vedor, f = f(x, t) isan external force P isthe presaure, and
n is the viscosity coefficient. Eqn.50 is just Newton's law f = ma for a fluid element
subjed to the external forcef and to the forces arising from pressure and friction. If n =0,
egns.50 and 51are dso known as Euler equations.

As pointed out ealier, much confusion in the thinking on deformation and flow
stems from inappropriate terminology.’? What is meant by “incompressble flow” is
adualy volume-constant flow and a boundary condition; “incompressbility” implies a
material property that does not exist in nature. Furthermore, P is commonly and corredly
understoodto be astate function; but if P = U/V = const, the rest of eqn.50 suggests that
“incompresgble flow” is conservative, and no change of state is involved (Ref.43, p.142-
144, Batchelor adually considers that P is not to be understood as a state function, but
leaves open what then it should be). However, the massdensity is not a state function in
anisotropic loading because volume-neutral elastic deformation clealy is a thange of
state: work is done upon a system such that its internal energy changes, and an elastic
potential buil ds up.

The first, second, third, and fifth term in eqn.50 are mnservative and relate to
Newtonian medhanics (for discrete bodes in freespacg, including Newton’s third law as
equilibrium condition (that forces ading on some body must balance), to a velocity
potential, and to Bernoulli’s energy conservation law exclusively; whereas n in the third
term refers to an irreversible, henceto a non-conservative process and the fourth termisa
thermodynamic one, non-conservative by nature, referring to the thermodynamic
equili brium condition (that forces exerted by a system on the surrounding and vice versa
must balance).

Egn.51 was meait to be a onservation law for mass and momentum. It is
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conservative in mathematicd structure, and supparts the Newtonian nature by which fluid
flow was © far understood Eqgn.51 asks the wrong question; instead of mass it is the
energy balance that neals to be considered which is non-conservative. Moreover, fluid
flow is an irreversible process hence it involves production of entropy. Trying to find a
conservative gproach to a disdpative process can at best result in a phenomonologicd
solution, but it cannot lead to proper understanding.

Stokes™® was alrealy contradicted 25yeas later by Clausius?® who identified the
kinetic energy in the eguation of state — that is, the only term to which a Newtonian
equation of motion is relevant — as the hea term (Ref.11, first term LHS egn.4a), leaving
work due to elastic efedsto be done by the surrounding. The differencein the thinking of
Stokes and Clausius is most sharply juxtaposed in their respedive equili brium conditi ons:
Stokes used Newton’s third law, whereas Clausius used the thermodynamic equili brium
condition.

Apart from that, the derivation of the Navier-Stokes equationsis 9 heavily based
on the eistence of the Cauchy stresstensor (e.g. Ref.43, to name just one example) that
they must necessarily fall with it. The postulated force field fui/fit cannot exist. f = ma is
not and cannot be avedor field, it is one single vedor only. Viscous flow is not a
conservative physicd process and an equation of motion does not help. A proper equation
of state is needed, and a viscous flow step must be decomposed into (1) areversible, time-
independent, elastic loading step and (2) an irreversible, time-dependent, diffusion-
controlled relaxation step. Thus phenomena should be observed in gas flow which may
derive both from elastic-reversible & well as from viscous-irreversible apeds of the
problem. Thisisindeed the cae (Fig.22).

The mentioned decompasition is anything but novel. It was proposed by Poison
ca1830and known to Stokes™, he and this author merely differ in the cnclusions: Stokes
believed that his theory was fully compatible with Poisoon’s propasition whereas this
author believes that he missed the point. But he is in good company, Poison missed it
too. It is unfortunate that Stokes published his theory in 1845 threeyeas after Mayer had
discovered the First Law of thermodynamics, and two yeas before Helmholtz discovered
it again, making it finally become cmmmon knowledge. Only from then on the full toadl
box of thermodynamic ooncepts, including the strict separation of system and
surrounding, the importance of the equation of state, the difference between Newtonian
work and PdV-work, and mundanely the difference between Newton's 3 law and the
equili brium condition of thermodynamics becane gpredated. Also, it is highly ironic
that Poisoon himself did much to confuse the understanding of elastic deformation by
introducing the ratio n named after him — it is entirely phenomenologicd, dependent on
spedfic boundary conditions, not at al a material property, and helped to keep thinking
about eladticity solidly on the wrong tradk; whereas Poisoon never knew that he had
indeed discovered the red key to understand elasticity — his equation, N?U = j . It makes
the observer fed humble; we ae dl children of our own time.

12 Application to aDiscrete Body Problem
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Up to this paint, the asumption had been made that the system is part of a much larger
space of homogeneoudly distributed and banded mass and any boundaries to freespace
are infinitely far away (ided continuum model). Here, the theory is applied to model the
loading conditions in a discrete body with gven shape subjeded to a loading
configuration that includes interfaces to freespace

The Euler-Cauchy theory is inconsistent in its reference to distances in red
space On the one hand, a unit length Iy, e.g. the length of the spring in Hooke's law, is
reaily used to define arelative change of length DI; on the other hand, through Cauchy’s
“continuity approadh”, the reduction of a volume dement with surfacefacds into Euler’'s
group of planes passng through one common point, the measure of spatial extent of the
volume dement was lost.” '* In thermodynamics this distance term is the radius of the
thermodynamic system which is finite. For this reason the theories of continuum
medhanics and thermodynamics are incompatible. This fad itself has been noted before
by others, but not the caise.®** In potential theory this basic distance in red spaceis
cdled the zeo pdentia distance for which Hooke's | is a good example. The ésence of
this distance term mede the Euler-Cauchy theory rather cumbersome to apply, inded it
was necessary to re-invent the term and fudge it bad into the theory. The result was the
finite dement method which uses a grid of predetermined pdnts or nodes for which
solutions can be found, and the distances between the nodes ad as locd unit distance .
The number of nodes grows exponentialy if more detailed solutions are needed. The red
problem is, however, the Euler-Cauchy theory is not a proper field theory because it was
not derived from a potential which provides a scdar field to start from. A field theory
delivers a solution for the entire region for which the set-up is defined. It may may then be
solved numericaly for any point within that region. A grid of nodesis unreccessry.

A big isaue in the Euler-Cauchy theory is the @ntinuity condition. Thisis highly
misleading. Euler’s continuity condition is redly a law for mass conservation. But mass
conservation is not a problem in thermodynamics, it can be excluded by assuming that the
system is closed with regard to massfluxes, then all attention is paid to energetic fluxes.
Within the dastic redm, massmay expand or contradt whil e bonds remain continuous. If
any continuity is of interest in the medhanics of solids it is not so much the cntinuity of
mass distribution which is easily chedked, but the continuity of bonds; this is a boundary
condition. But bonds were never considered in continuum medanics.

The gproach applied here is based on potential theory. The thermodynamic
continuum is not a @ntinuum of points, but a ontinuum of systems. Any point Q in
Euclidean spacewithin a region of distributed mass can be thought to be the center of
massof a thermodynamic system; its physica properties — density, chemicd compaosition,
temperature, material properties, orientation of anisotropy — plus those of the external
boundary conditions are then functions of Q. Scde independence asures that the
extensive properties are scded per unit mass(mol, not kg). Thus two infinitesimally close
points Q; and Q, represent two dfferent thermodynamic systems V; and V, of some finite
unit size they largely overlap, but their physica properties or boundary conditions may
be subjed to gradients in Euclidean space The systems may be understood to have unit
mass unit volume, or unit radius which are dl finite. The radius, mising in the Euler-
Cauchy approadh, therefore offers itself as the base of a wave function. The spatial
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distribution of physicd conditions can thus be modeled as a function of the boundary
values througha Fourier series approach.

121  Forcesand baundary conditions

Work in the bonded continuum differs from Newtonian work in its gatia effed.
Newton's f = ma is one single vedor, it cannot be avedor field; thusw = f xd is smply
the work done in displadng a body of mass m by a distance d. In contrast, it is not
posshle to dowork in only one diredion in a cntinuum.™ In many textbodks a o/linder
of length x fill ed with air and closed with a piston is used to explain the amncept of work:
if x is changed by moving the piston, the presare in the gas is a function of Dx. The
exampleis misleading; it is not just the piston that does work on the gas, but also the wall s
of the g/linder which do not move. Without them the pressure @uld not increase becaise
only externally balanced forces are &le to cause a tiange of state, and for the change of
presaure per se it does not matter if only the piston, or al the walls move. The ‘ided
change of state’ lealing to the isotropic operative field (egn.18, fig.2) was introduced to
avoid this gatial interdependence in the first step. Of prime interest are not the
displacaments of the walls, but the change of state which surely is done evenly on al of
the gas in the g/linder. Thus if spatial boundary conditions exist, attention must be paid
nevertheless to those diredions in which apparently nothing heppens acording to the
boundary conditions. It is not helpful to think in terms of displacaments primarily; it isthe
forces that are the cause of deformation. The displacaments are the dfed, they are found
in the end throughthe work equation.

The total forcefield is partitioned into the isotropic operative force field f,, and
the deviatoric forcefield fy, (eqn.18). The latter can again be decompaosed into the normal
component f,ge) and the shea component fyge,). Normal forces will shorten or stretch the
radius vedor on which they ad, depending on sign; shea forces will always have a
dilating effed; which amounts to an additional stretch component parallel to the extending
eigendiredion e. Following eqn.29 it was dated that the work done by shea forces counts
twice because one part of the stretch due to shea dilation in e is done by the system itself,
the second part is done by the surrounding. The component originated by the system is
purely a function of the loading configuration, it will happen if the system is given the
freedom to expand by the boundary conditions. The shea dilation which is caused by the
surrounding, however, depends on the eistence of the surrounding and/or the bonding
aaoss ystem-surrounding interface In a perfed continuum it surely exists, but its effed
must read zero at the interface to freespace If al other possble variables are kept
constant it is this component that must vary as a function of location within a body, i.e. it
is engitive to the body shape and the spedfics of the loading configuration.

The 2D-model consists of a redanguar body of solid. It is thought to be loaded
on top and batom with constant force wherees the lateral faces are free The gplied load
is verticd, or parallel to y (df,/dx = 0). The loaded faces (y = O, y = 1) may not change
length in x due to friction at the pistons; at al other y they are free Thus the load is the
same throughout the body, there is no gradient. This includes the points on the lateral
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faces. Consequently the magnitude of the operative field f,, and the normal force field
frdevy @€ Monotonous throughout the body. They are not included in the mode! here.

The boundary conditions in the regions nea the loaded faces cause the material
to undergo some red volume @ntradion. Unsurprisingly, they are medchanicdly in avery
stable andition athough they are the regions with maximum energy stored per unit
volume. Gradients in stored energy are due to the aility of the material to dlate, as a
function of the boundary conditions. A map of energy stored and a map of dilation
permitted will not be identicd, however, becaise dilation is aways an energetic
relaxation from the maximum load. Thus the regions of maximum energy stored and
maximum dil ation all owed will differ. The latter is of greder interest, however, it can be
cdled the fail ure potential, so the model concentrates on this asped.

The boundary conditions for the dilational shea T vary over the body in a two-
fold way: (1) the restriction of no change of length in x suppresses even the dil ational
effed produced by the system (system effed, T), it is drictest along the loaded faces y =
0 and y = 1, and relaxes towards the ceter of the solid, alowing for progressve
expansion in x; and (2) the shea effed produced by the surrounding (surrounding effed,
T,) is fixed to a given minimum megnitude — on the freefaces x = 0 and x = 1. because
there is no banded surrounding any more; on the loaded faces: becaise expansion in x is
prevented by condition (a), but it increases towards the ceter. The diredion of relaxation
is towards the center for Ty, and towards the free margins for T,. Thus the two baundary
conditions are oppdasite in effed and sign (Fig.23, arrows in fourth ring for conditions 1
and 2). They neal to be modell ed separately.
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Fig. 23. Top: rectangular body of solid between two pistons with locations for the boundary conditions
shown below. Center: boundary conditi ons as a function of location in the body. Circles symbolize
(from center outward): operative force field (isotropic); normal component of deviatoric forcefield;
dilational effect contributed by the system shear Ti; volume dfect due to external boundary
condition. The latter is directed inward in (1) due to the friction effect on the sample-piston
interface, outward in (2) due to dilational effect suppied by the surroundng shear T, and zero in
(3) for points on the interface between solid and freespace. Bottom: charaderization of expected
effect; white circle: unloaded state, blad: loaded state.

122  Thesetup

In the static loaded state, system and surrounding do work on one another, but we canot
measure it; in thermodynamics only the work done in a change of state can be measured.
No time-dependent processes are observed, system and surrounding are in equili brium
with one another, all fluxes are balanced. The quantity under investigation T=T; + T, is
the work done by shea forces, a scdar quantity, resulting in a volume dange, aso a
scdar quantity. It is thus possble to approach the modelli ng of the static state through a
Laplace guation.

T, will be dedt with first. The distribution of a scdar quantity t; over a region
x(0® b) y(0® d) withamaximumt; =M for al pointsy =0, and t; = O for al pointsx =
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(Ref.13, p.546, egn.2.17) where M is a magnitude scding facor, b is the width of the solid
aongx, disitslength dongy, and m=2 n—1 (misaways odd). The reverse cae is that
of t, =M for all pointsy=d, and M =0 for all pointsx=0,x=Db,andy =0,
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The mmbined effed is T; = t; + t,. Alongx = b/2 T, forms an upward-warping curve with
aminimum T, =-M for y =0 and y = d, and a maximum (M<0) for y = d/2. Alongy = d/2
T, forms a downward-warping curve with a maximum T, = 0 for x =0 and X = b, and a
minimum at y = d/2 (which is the maximum point on x = b/2).

For T, the boundary conditions are: M = O for al pointsx=0,x=Db,y=0, and
y = d, and increasing towards the center. Thisis done through

T, =bsin= PX 4 sin®Y (54
b d
Thesum T = T; + T, is interpreted as the potential for dilational crading (Fig.24-27,

upper panels). Of spedal interest is to find out were the gradients of T are the largest.
Thus

- v g%inh mp(d - y)+sinh msygcogngxg
ﬂ_X1:_4Mée i g ébg (55)
n=l bsinh—*—
and
I, - pcosp— dsin—- py (56)
ix b

the magnitude of the gradient is given by

) @‘%inhw+smh py—mpsmm
17, _ g & b b g b
> =4MQq dnp (57)
T = b2 sinh P
b
and
2 p? sindsin®
ﬂ T2 - _ b d (58)
%> b

The derivative T2T/%? (the sum of egns.57 and 58 of the surfaceT(b,d) is interpreted as
the potential for shea cracking (Fig.24-27, lower panels). The derivative T°T/fy* gives
identicd results in the sense that the morphologies of both derivatives are identicd, but
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their absolute magnitudes are afunction of the diosen absolute dimensions of b and d,
respedively. For redistic results the model needs to be rescded to red material

properties.

Fig. 24. Dimensions 10" 2 dstance units. Wavy structures along horizontal margins in lower panel are
mathematica artefads due to summing over non-infinite coefficients n.
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Fig. 25. Dimensions 10' 5 distance units. Wavy structures along horizontal margins in lower panel are
mathematicd artefads due to summing over non-infinite coefficients n.



Fig. 26.

Dimensions 10" 10 dstance units.
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Fig. 27.

Dimensions 10" 30 dstance units.
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123  Reaults

The setup delivers al properties of the loaded state a a function of location within the
region of validity bd. In asimilar way it should be possble to derive the displacanents by
using the work function, and to cdculate the shape of the deformed bod,.

In Figures 24-27, the upper panels sow the potential for dilational cracking T,
the lower panels sow the potential for shear cracing T°T/X%. The width of 10 dstance
units is the same in all figures. Colors indicate relative magnitudes (purple = minimum,
red = maximum).

For thick, short columns (Fig.24, height 2 units) the center is dynamicdly dea,
it is under strong compresson. The dilational cradk potential is very close to the free
surface suggesting that a brittle material 1oaded to the dastic limit might spallate. The
shea cradk potential is farther inside the body, further destabili zing the surface and low
in the cetter. The failure potential distribution is grongy controlled by the zeo-glide
boundary condition along the loaded faces.

If the height of the body is only dighty increased (Fig.25, height 5 units), the
dilational crad potential is gill close to the surface but the shea crack potential shifts
very quickly into the interior of the body. The dilational and shea maxima no longer
coincide.

In abody of square shape (Fig.26, height 10 units) the dilational crack potential
and the shea cradk potential again coincide, but this time in the center of the body,
sugeesting that any material yield, brittle or plastic, should start there.

Turning to a long, slender column (Fig.27, height 30 units) the dilational crack
potential stays in the center of the body, but it extends along the long axis, deaeasing
only close to the loaded faces. The potential for shea cradking tes left the center and
shifted towards the loaded faces, it forms two maxima which peter out towards the center
of the body, but they form sharp hifurcaing extensions towards the crners of the body
where the loaded and unloaded faces define adiscontinuity in the boundary conditions.
The two extensions and the loaded body surfaceform a trianguar region which is also
under low dilational effed; this triangle is largely dead. The cdculations permit the
interpretation that brittl e yielding should start through dilational crading in the center of
the body; the adadks sould propagate dong the long axis (which will ultimately change
the boundary conditions) up to the region where the dilational potential abates; but here
the shea potentia reades its maximum, so the mode of yield should switch from
dilational to shea craking and propagate towards the wrners. The material response
predicted here isindeed observed in experiments on brittle materials sich as ceramics.*’

It is own that the new approach to deformation theory can be used to model the
loading conditions in a discrete body subjeded to a spedfic loading configuration. In
comparison to the theoreticd approach used up to this date, the requirements on hardware
and mathematicd effort for the results presented here ae nealy nil. The alvantage in
using a proper field theory is aso evident as no grid of nodes is hecessary, and a solution
can be redily cdculated for any desired padnt within the region of validity, using
mathematicd methods which have been long worked out for problems in other field
theories. The results of the predictions also appea to be in close harmony with
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ohservations as they are known to this author.

13. Discusson

The gproac presented here is entirely free of Eulerian concepts. It observes the rules of
potential theory and is merely a generalizaion of standard thermodynamics: whereas this
theory is commonly taught as a scdar theory, implying isotropic external and internal
conditions, this one permits to consider internal and external anisotropic boundary
conditions. It turns out that its ealiest conceptual roots can be traced bad to the founding
fathers of thermodynamics in the 19" and ealy 20" century. Hence the mnceptual
disparity between the Euler-Cauchy theory and standard thermodynamics has been open
for everyone to seefor 130yeas, sincethe days of Clausius and Gibbs.

One singe phenomenologicd argument was used — the Birch-Murnaghan
equation — in lieu of the unkrnown solution to a quantum-mechanic problem, and | fed
justified to do so as this equation is widely used, and known to yield satisfying results.
Apart from that, no material constants were introduced. Their rightful placeshould be in
the two field property tensors (eqn.4), and only there. The similarity of prediction and
observation is rather good, at least in my eyes. The theory not only corredly predicts the
fabric properties, but also the progressve kinematics of simple shea, such as the rotation
of Riedel planes against the sense of bulk shea and against the sense of shea on the
Riedel plane itself. It permits the mnclusion that crystals in a glide position must also
rotate & the same time, whereas crystals in a non-rotating position must be locked. The
commonly held concept that crystal glide planes in simple shea zones align with the bulk
shea plane such that the maxima ae formed by non-rotating, yet adively gliding crystals,
is therefore dhallenged at least for plastic deformation without reavery processes. The
argument is upparted by the observation that crystals in a maximum glide position must
have the highest rate of lattice defed production; they should therefore be most likely to
undergo reaystali zaion, they should be least stable, and they are least likely to populate
the maxima.

The gproach presents a straightforward one-to-one relation of force field to
displacement field, both of which are vedor fields controlled by tensors; from a
mathematicd point of view it is therefore more systematic than the Euler-Cauchy
approach which claims a tensor to be the caise of the displacement vedor field. It is aso
predictive, contrary to the Euler-Cauchy theory which does not permit the deduction of a
particular displacement field from a known state of stress Spedficdly, it avoids the
unsatisfying conclusion that an orthorhombic state of stress can cause a monoclinic
displacement field. It gives an explanation as to why mineral phases in shea zones are
commonly much better equili brated than outside; kinematicdly, it liberates the thinking
from the symmetry constraints of Cauchy’s theory which must appea unredistic to
anyone familiar with simple shea. | am not yet aware of an observed asped of material
behavior that could be interpreted to be incompatible with this approach. On the @ntrary,
this theory was developed in response to too many systematic questions left unanswered
by instructors and text bodks, and in the @urse of its development it offered an answer to
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nealy all of them. Still: althoughin most cases it was possble to follow the logic of aline
of thought, there ae cetain detail s espedaly in the theory of simple shea where | found
myself in completely uncharted waters. In order to procead | had to make adedsion and
give preference to one dternative over another without being all too sure whether | am
doing the right thing, and athough the predictions appea to be satisfadory | remain
scepticd. But it is better to go on and be wrong in some cases rather than do nothing out
of fea of making a mistake. Much of this essay here | understand as a propgsition in need
of discusson.
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